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Abstract

In [1] and [2] we presented a model study of a posteriori error estimators in
the interior of finite element meshes using a computer-based methodology. In this
paper we investigate further the quality of element-residual error estimators. We
analyzed several versions of the element-residual estimator and based on this study
we propose recipes for robust estimators.




1 Introduction

A-posteriori error estimation has become an important aspect in the practical
application of the finite element method. As a result much interest has focused
on the design of a-posteriori error estimators, their experimental verification and
their use in adaptive procedures; see for example [1-65] and the references therein.
There are two major classes of error estimators:

1. Residual estimators: These estimators employ the solutions of local boundary-
value problems posed in an element or a small patch of elements. The data
for the local problems are given by the local residuals. For various versions
of element residual estimators see [1-26]. It is also possible to construct
residual-type estimators by employing the method of hypercircle [27,30] the
aim being to construct a global upper estimate of the error. Estimators of
this type have been proposed in [30-44].

2. Estimators based on local averaging: Estimators belonging to this class em-
ploy a smoothened flux-field which is obtained by some local averaging (post-
processing). The smoothened flux is then compared with the finite-element
flux to construct an estimate of the error. Estimators of this type are given
in [45-62]. It can be shown that estimators based on local averaging can also
be interpreted as residual estimators (see [63]). For other types of estimators
see [64] and [65].

In this paper we will focus on element residual estimators. Let T, be a mesh
and let u;, be a finite element solution for Laplace’s equation on this mesh. Let 7
denote an interior element of T, and let us define the following element-residual
boundary-value problem:

-Ae, =Avy, in 7
X _ (1.1)
%: = I:"a, - %:A on Ot

Here F,, is an approximation of ZX which is obtained by post-proccssing the
computed finite element flux in the aeﬁement and its neighbors such that it satisfies

/a, (Fs, - %'%)v + / (Auv=0 V vePYr) (1.2)

We will call ﬁ'8, the g-order equilibrated fluz. Note that ﬁ‘a, will then automatically
satisfy the consistency condition (which is obtained from (1.2) by letting ¢ = 0)
and hence the Neumann problem (1.1) has a solution. Further let &(P+%) ¢ SP+¥(7)




be an approximate solution, with SP**(7) C PP+*(7) with k > 1. We define the
element error indicator

n, == [[1EPH)], (1.3)
By ||| - |||, we mean the energy-norm over the element 7; for the particular case of
the Laplacian we have [||v]||, := || [Vv| {2,y

Given a mesh we will denote by w¢ a simply connected set of elements and
we will refer to it as a mesh-cell. The mesh-cell is meant as a typical pattern of
elements which appears in several places in the mesh. The word pattern refers to
the geometry of the mesh in the mesh-cell and a few surrounding mesh-layers. We
will be interested to study the quality of estimators 8%. of the error in wf, where

fy= [T 14)
rewd

The quality will be measured by the effectivity index

G (1.5)

K.x =
“ " Mealll,y

Here e, := ugy — u, denotes the exact error. The global effectivity indez, KT, 5 18
obtained from (1.5) by letting wi = T;,.

Let U, T be the class of exact solutions, meshes under consideration and let w
be a mesh-cell with fixed topology (but not size) which appears in all the meshes in

7. We will call the estimator Ewg = Swg ou,T, CZ"'.,CZ"" )-proper if for any solution
ugy € U we have

CRW,T)<xy <CPWU,T) (1.6)

The estimator is called asymptotically (U, T )-ezact in wy' if for any ugy € U and
any sequence of meshes {T}.}2, from T, such that

llun; —uexlllp — 0 as i— o0 , (1.7a)

we have

K p — 1 (1.7b)
“o
Here {wy'}2, denotes a sequence of mesh-cells of fixed geometry. If CZ"’. >1

then Eu‘. is called an (U, T)-upper estimator and if C'{,'g < 1 then £ug is called a
(U, T)-lower estimator.




We will be interested in the values of C'Z"", C‘,}""‘ for which (1.6) holds asymptot-
ically in the limit A — 0 (details about the precise meaning of the limit will be
given below). We can then quantify the quality of the estimator in a mesh-cell w
by defining the robustness indez in w for the class of solutions & (see also [2])

A A 1 1
RAU) = 1-CP|l+1-C° |, |1 - —|+ 11 - — 1.8
s @) = maz (|1 - €|+ 11 - ¢if) | ikl CZOI) (18)

We will say that the estimator is robust in w! if the robustness indez is sufficiently
small (for example less than 0.5).

In this paper we will study the robustness of element-residual estimators for
interior mesh-cells (i.e. for mesh-cells which are separated by a few mesh-layers
from the boundary). Moreover we will consider the class of solutions &/ which occur
in practical engineering computations in two-dimensions i.e. the class of solutions
which are infinitely smooth except at a finite number of algebraic-type singularities
on the boundary or on the material-interfaces. Further, we will assume that the
meshes T}, are constructed adaptively and are nearly equilibrated in the energy-

norm. Under these assumptions it is possible to compute the values of CZ‘? , C‘,}""'
and R ) using the computer-based methodology given in [1] and [2]. For a given

mesh-cell wd the robustness of an element-residual estimator depends on:

(a) The choice of the solution space S?®+¥)(7) for the local problem. We will
demonstrate that the best robustness is obtained by selecting SP+F)(1) to be
a bubble-space of polynomials of degree (p + 1).

(b) The technique for the construction of the equilibrated boundary-flux Fj,.
We show that the robustness of the estimator depends on the order q of the
equilibrated fluz. By letting ¢ = p we obtain the best robustness.

Below we will study the influence of factors (a), (b) on the robustness of element-
residual estimators for the model problems of orthotropic heat-conduction and
plane-elasticity.

Following this Introduction we will give preliminaries on the model problems
and an outline of the methodology for assessing the robustness of estimators for
interior mesh-cells. We describe the element residual estimators implemented, we
present the model study of the robustness of the estimators for meshes of triangles
and quadrilaterals and we give concrete recommendations about which versions of
the element residual estimators are robust and should be employed in practical
computations.




2 The model problems

We shall consider the vector-valued boundary-value problem

Li(u) := Z 5, (a.,(u)) in O

J=1

u; =0 onI'p > (2.1)

Zo.-j(u)n,- = t-.' on FN
y=1

where 1 =1, 2.

Here  C R? is a bounded domain with boundary Q2 =T'pUTy;

n := (n,,n,) is the outward pointing unit-normal on I'y;

fi, 1=1,2 are the components of the load-vector (body-force);

t;, 1 = 1,2 are the components of the normal-flux vector (traction) applied on I'y;

I'p # 0, I'pNTI'ny = O; u = (uy,uy) is the solution-vector (displacement);

du; Oy )

€;i(u) == —(a:z: + F 0.i(w) := zz: aijie €xe(u) ,7=12 (22)

k=1

are the components of the flux (strain, stress);

@ijke s .7, k€ = 1,2, are the material-coefficients (elastic constants) which in the
case of isotropic plane elasticity are given by aijre = p(6ijéxe + biebij) + Adirbije
where é;; is Kronecker’s delta and A, ¢ are Lamé’s constants.

We also introduce the scalar elliptic boundary-value problem (heat-conduction
in orthotropic medium), namely

Ou )
L(u) := K in §2
(u) é—:x azk( ua“z) /
u=0 onI'p 0 (2.3)
2
Z G(uny =g on 'y J
k=1




Here f denotes the heat-source; g is the boundary heat-fluz; ¢,(u) := Z K “g k=

1,2 are the components of the flux-vector (heat-fluz) and Ky, k, ( = 1 2, are the
entries of the thermal-conductivity matriz which is symmetric, positive definite. We
will denote the principal values of the thermal-conductivity matrix by K, ;., K|

min? maz*

Let us now cast the model problems in variational form. Let us denote the
space of test-functions by

H} = {v = (v,v;) l v; € H'(Q), v; =0 on FD} (2.4)

The variational form of the boundary-value problem (2.1) is now posed as:

Findue H }- such that
2 -
Ba(u,v) = / Z fooi + / Y i VveH: (2.5)
i=1 v =1
where the bilinear form By : H} x H} — R is defined by

2 Ou; dv;

Bg(u,v) = /Q id-%_ a,,klazl axk (26)

The energy-norm over any subdomain S C 2 is defined by

Hlvllls := /Bs(v,v) (2.7)

where Bg(u,v) has the obvious meaning.

In the case of the scalar elliptic problem given by (2.3) the bilinear form is given

2
by bo(u,v) := / Y K, g - aa vk The weak-solution of (2.3) satisfies:
® ke=1

Find u € H}  := {v € H'(Q) | v=0 on I‘D} such that
_ ~ 1
bo(u,v) = /n fo + /r v VoeH, | (2.8)

The energy-norm in any subdomain S C Q is defined by |{|v]||s := \/bs(v,v) .

Let T = {T},} be a family of meshes of triangles or quadrilaterals with straight
edges. It is assumed that the family is regular. (For the triangles the minimal
angle of all the triangles is bounded below by a positive constant, the same for all
the meshes. For the quadrilaterals see conditions (37.40) in Ciarlet [67].) Here we
will employ only meshes of squares with local refinements; for a description of the




properties of the meshes and the corresponding finite element spaces see [10], [12],
[13], [15], [76]. We introduce the conforming finite-element spaces for the scalar
model problem:

SP(T,) := {u € )| ul,, € Si(n), k= 1,...,M(Th)}, (2.9)

The corresponding spaces of vector-valued functions for the elasticity problem are
defined similarly. Here S}(7,) denotes the finite-element space over 7,. For the
meshes of triangles S7(7,) = P,(7,), while for the meshes of quadrilaterals

SP(r,) = {w €C¥(n)|wo F,, ¢ Sv(f)} (2.10)

where 7 := (—1,1)? is the master-element and F, is the bilinear mapping of 7

onto 7;; M(T}) is the number of elements in T, and SP(7) denotes the polynomial
space in the master-element.

For the quadrilaterals we will consider the following choices for the definition
of the polynomial space 5?(#) (see also [76]).

a. Tensor-product (bi-p) polynomial space of degree p.

S("”)('r) = {PI P(3,,1,) = E a;; 1} 32} (2.11)

o<- J<p

b. Serendipity (trunc) polynomial space of degree p.

Se2.(#) = (P Pl = T s i+ oy it b e, 2,8} (212)

.
0<i+i<p

c. Intermediate polynomial space of degree p.

p-1
$82() = {P| B(sy,2,) = IEREE EDINNNE of A Q0

o<u+;<p k=0

Welet Sfr,, := SE(T,)NHE  denote the discrete test-space. The finite element
solution u, (for the heat-conduction problem) satisfies:

Find u, € S} such that

bo(uy,vy) = /‘;f”h + -/l‘u gu, Vv, €Sir, (2.14)

The error is e, := u~u,. The finite element solution and the error for the elasticity
problem are defined similarly.




The error satisfies the residual-equation:

ba(en,vy) = Z Fo(vy) Vo€ H}D (2.15)
v€T,

where the residual-functional for element 7 is defined by

1
F.(v):= /fr,v + ,eg(,)/‘ §J¢v, v e H(r) (2.16)
where E(7) is the set of edges for element 7, r, is the interior-residual in element
T’
r, = —L(ul,) + f (2.17)
and J, is the jump or edge-residual associated with the edge ¢
la(usls,) — aCual,_)]- 7 5 €€ Eun
J, = (2.18)
2[g—q(upl, ) -n], eCTy

Here E;,, denote the set of edges in the interior of the domain n denotes the unit-

normal assigned to the edge ¢ and 7,, 7,,, denote the elements attached to the
edge, as shown in Fig. 1.

3 Outline of the theoretical setting
The theoretical setting will be outlined below (for the details see [1]) for the

special class of locally periodic meshes which are defined as follows. Let 0 < H <
H°, 2°=(29,29) € Q,

S(z% H) := {z = (31,.’52)‘ lz; =2 < H, i= 1,2} (3.1)

and assume H is sufficiently small such that S(x°, H°) C Q. Further, let v be a
set of multi-indices (i,7), 209 = (z("), z{")) € N and

c(2®),h) == S(=1),h) C S(=°, H), (i) €7 (3.2)

be the set of the A-cells (or cells) which cover exactly S(z°, H), as is for example
shown in Fig. 2. We will refer to S(z% H) as the subdomain of periodicity of the
mesh centered at 2°. We will denote by & := §(0, 1) the unit- (master-) cell ¢, the
h-cell is an h-scaled and translated master-cell.




Let T be a mesh of triangles or squares on the master-cell (the master-mesh)
and T be the mesh on c(z("), k) which is the scaled and translated image
of T. We will consider the family T of locally periodic meshes. Let T, € T and
T, (z°, H) be the restriction of T} on S(z, H) and T\ the restriction of T} (z°, H)
on c(x) h). We assume that T = T | (i,7) € v ie T),(x° H) is made
by the periodic repetition of the h-scaled master mesh. Outside the subdomain
S(x° H) the mesh is arbitrary; it could have curved elements, refinements, etc.

_ Let Q be a polynomial of degree (p + 1) defined over the master-cell ¢ and let
T be the master-mesh. Then denote

pi= Q- QNT (3.3)

where QINT is the interpolant of degree p of the function Q defined over the master-
mesh T (for which k = 1). Any polynomial of degree p on an element 7, belongs to
S7(7) and hence any polynomial of degree p on S(x%, H) belongs to ST (T, (z°, H)).
It follows that p defined in (3.3) is é-periodic (this can be shown exactly as in [1])
and

p(1,5) = p(=1,%,), |5 <1 (3.4a)
p(zy,1) = p(2,,-1), &< (3.4b)

Let
Hign(d) := {ue H'(&) | u satisfies (3.4) } (3.5)

and
57 pen(d) = {u € Hien(® |ul, e SI(), Vie T} (3.6)

Further let 2° € Spgp(€) such that
b:(2°,9) = bp,5) V ¥ € STper(?) (3.7a)
and
/E (p—3)=0 (3.76)

Note that the function 2? exists and is uniquely determined (we will compute it
numerically in the examples). Let us also define ¢ € H*(¢) by

YP:=p—-—2=Q~—1% where w:= Q{NT + z° (3.8)

10




Let ), € Higp(c(z), k)) be the function ¥, defined above, scaled and translated
onto the cell c(2(9), k) of the mesh in S(z% H) i.e.

a(z) := AP Y(2), %m: h”%(é), i=12, (3.9)

where 2 = i—(z —20)), 2z € c(2(,h). It is easy to see that ¢, can be
periodically extended over S(z°, H,). We will also let w,(z) := w(Z).

In [75] we proved the following theorem for Poisson’s equation based on the
theory of interior estimates (see [69]):

Theorem 1. Let H; < H < H° and assume that the following assumptions hold
with )

6p+1 1
= , = — €, = - — g
a 6 B=p+1-c¢ €= 0,4 6(6p 7 1) (3.10)
Assume that the exact solution u satisfies
[|ID%ulpo(s(zo,h)y S K <00, O0LZ|al<p+2 (3-11a)
dlely
where a := (o, ap), D%u:= 5—:‘:‘_8;:3? , lal:= a; +ay, and
R'= Y a®>0 where a, := (D%u)(z°) (3.11b)
lal=p+1
Further assume that the mesh T}, is such that
“eh"U(S(Z“.HI » S ChBHl N with ﬁ Z (p + 1) — € (3.12)
Moreover assume that the meshes T}, in S(z° H) are such that
C.HF < h <CH? (3.13)
Then for any =z € S(z°, H,)
e, Yy, P+ N
— = | — i . 4
B (=) = [y )] 20 319
with o4 > 0, |A\] < 1 and C independent of k.
Theorem 2. Let the assumptions of Theorem 1 hold. Then
lun — walllseeo,m,) = llun - T — Zlllseo ) < CRO MM seorr,y  (3-15)

11




where C is independent of H and k and o, > 0. See (1] for details of the proof.

Remark 8.1. The theorems assume that the mesh is periodic and that the solution is
smooth in a small subdomain (i.e. S(° H)) in the interior of the domain. Outside
the subdomain we assume neither periodicity of the mesh nor smoothness of the
solution. The solution may have algebraic-type singularities at a finite number of
corner points or points of abrupt change in the type of boundary-condition. Here it
is only assumed that the pollution-error in a shrinking mesh-patch (i.e. T, (2°, H,))
in the interior of the subdomain is controlled; this implies that the mesh has
been adequately refined in the neighborhood of all singular points. If the mesh is
constructed adaptively to be nearly equilibrated in the energy norm it will satisfy
this assumption, for all practical purposes.

Theorem 8. Assume that the assumptions of Theorem 1 hold. Further assume that
for the estimators,

x(c(z°, k), w,, £Q) = Etzo (0, £Q) >a>0 (3.18q)
H1logzo.n)
Then
K(S(2°, Hy), up, f) = K3(c(2°, b), w,, LQ)(1 + CAR®)  (3.18b)
and
k(c(z®, k), wy, £Q) = &(E, B, LQ) (3.18¢)

where 2(S(2°, H,), u,, f) := (x(S(=% H,), u,, f)).

Remark 3.2. The proof of theorem 1 in [1] is based on various interior estimates
for the error in finite element approximations of Poisson’s equation, especially the
results given in [69]. It is very plausible that analogs of these results hold for
finite element approximations of the elasticity equations and more general elliptic-
systems because the main ideas of the proofs of these results carry to the general
case. To our knowledge the precise details for the elasticity equations are not
available in the open literature. Nevertheless we will assume the validity of the
analog of Theorems 1-3 for the equations of elasticity.

4 Description of the element-residual error es-
timators
Below, we will describe various versions of the element-residual estimator
which were tested in this model study. We define the estimators for the scalar

model problem; the corresponding definitions of the estimators for the elasticity
problem can be constructed analogously.

12




4.1 Unequilibrated element-residual with (p+1)-degree
bubble-space

For an interior element 7 we consider the following discrete local problem:
Find &P+ € M?*!(7) such that

bE,0) = F,0) ¥ ve MPH(r) (4.1
Here M?*!(r) is the bubble-space of degree (p + 1),

M (1) = {v € PP*(7)

P (v) = o} (4.2)

where II? is the element interpolation-operator defined in {14]. The bubble space
can be written as the following algebraic sum:

MZ* (1) = (MF*)(r) @ P () (4.3)

Here P53t (1) := PP*(7) N Hi(7) and

3
(MPHYo(r) = {v ePi(r) | v =3 o } (4.4a)

i=1

where €] is the i-th edge of the element 7 and ¢, € PP+!(7) such that

i =0 Y weRHE) =PI HNE) (4.48)

The element error indicators for the unequilibrated element-residual are given

by

&) = [|lEHY)), (4.5)

4.2 Construction of the equilibrated residuals

Let us assume that the element-residuals have been modified in. the following
way:

FRW) =F o)+ Y [ vb; (4.6)

COrNE, "¢

Here 8¢ is the correction for the edge ¢ and the element 7. For any interior edge
€ = 007" it is assumed that 6 = —@%.. We then have

13




Y FAv)= Y FF(v) (4.7)

r€T, T€T,
In particular if the corrections are such that
FE1)=0 VreT, (4.8)

we can construct the element-residual problems:
Find é, € H(7) such that

b,(¢,,v) = FEQv) V ve H'(7) (4.9)
We then have
b,(ex,v) E F.(v) T FE(v)
Meallla= sup == = sup =2 = gup =2 (4.100)
» veH} Hivllla veH} IIIvIIIn veH} llivilia
and hence
r b,(¢,,v)

feT -
llealllo = sup —F—— < 37 lllE, N2 (4.10b)
T Sy

Thus a global upper-estimator is obtained provided that the local problems are solved
ezactly. This motivated various authors [31-44] to construct equilibrated residuals.

We will now outline a recipe for the local construction of equilibrated element-
residuals; this technique was proposed in [31-33] (see also [38]-[41]). Following [11]
let ¢ be a function defined on each edge . We define (see Fig. 1)

o =0, 6_=-6 (4.11)

Given any interior element 7 and ¢, 0 < ¢ < p, the aim is to determme edgewise
smooth functions 6%, € € E;,, such that

FERRw)=0 V v e PiYr) (4.12)

The residual which satisfy (4.12) are said to be g-order equilibrated. Eq. (4.12) will
hold if

S [ 06=-Fb), i=1,....N (4.13)

eCor

14




where ¢; is the i-th shape-function of the element and N? denotes the total number
of hierarchic shape-functions of degree q in the element 7. A set of edgewise
polynomial corrections for edges in the interior of the mesh is constructed as follows:

(a). Edgewise linear corrections.

Let us first determine edgewise linear corrections in the form

0 = (095 + 6°y5) (4.14)
2 2
le| lef

where A§, k = 1, 2 are the linear shape-functions defined over the edge ¢. Note
that

¥ri= (20 = A7), = (205 - ) (4.15)

ook = / 0N, k=12 (4.16)

Let X denote an interior vertex of the mesh with the element 7X and the edges
€X,1=1,...,4, connected to it, as shown in Fig. 3 and let v(¢)X) denote the local
number (1 or 2) of the vertex X with respect to the edge €X. The values of § “()
are obtained from the linear system

2 / Oxdx =—F,x(¢x), k=1,...,4 (4.17)
egarf ¢
which reads
10 0 -17 (0D~ Fox(4x)
-1 1 0 of]es~) ~Fox(bx)
I el » (4.18)
0 -1 1 0]]eFus) ~Fox(¢x)
L0 0 -1 1] Lo ] —Fox(y) !

Here we assumed that the directions of edge-normals are the ones shown in Fig. 3.
The matrix has exactly one zero eigenvalue with corresponding eigenvector
(1,1,1,1]7. Moreover from the orthogonality condition we have

4
Y Fi(ex)=0 (4.19)
k=1
and the system is consistent. Particular solutions can be obtained by different
choices of the free-constant. For example one may choose 8% (<) = 0 (e.g. [11])
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or one may choose the constant by minimizing various norms of the solution of
(4.18), namely

4
JHOI N ) = 3 wy (e Dy (4.20)
k=1

In [33] it was suggested to let w, = 1 while the choice w, = |CIT| was proposed in
k

[38-39].

b. Higher-order corrections.

Let us denote by ¢, ;, k = 1,...,(g+1) the basis-functions which do not vanish
on the edge ¢. We extend the conjugate basis introduced in (4.15) as follows:

, ifj<i
/ Yide; = { (4.21)
¢ 1, if;=1

where 3 <i,5 < (¢+1).
After the linear edge corrections have been determined, the higher-order cor-
rections can be computed from

=1
0 = —F, (B )~ 09 [ Wi, i=3,.,(g+1), €COn, (422)

i=1

Note that the higher-order corrections can be determined explicitly and are defined
uniquely for each edge.

4.3 Equilibrated element residual estimators

We will consider the following equilibrated element residual estimators:
a. Element-residual with g-order equilibration and (p+1)-degree bubble-space:
Find &P+ € MP*+!(1) such that

b(EPA,0) = FFU(w)  VweMI(r)  (423)

where FEQ4 denotes the g-order equilibrated residual in the element 7. The cor-
responding element error-indicators are

A = [l D, (424)

b. Element-residual with g-order equilibration and (p-+k)-polynomial space:
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Find é(+%e ¢ Pr+k(7) such that

b, (eI y) = FEQa(y) v ve PPH(r) (4.25)

with the corresponding element error indicators

P = |y, (4:26)

Remark 4.1: By letting k — oo we recover the exact solution é¢ of the local
problem (4.9) with g-order equilibrated residuals. In most cases, by letting k = 3
we obtain element error indicators which are practically the same as the indicators
corresponding to the exact solutions of the local problems.

4.4 Determination of the optimal equilibrations

In the Section 4.2 we gave a recipe for the construction of g-order equilibrated
residuals which depend upon the choice of a free-constant for each vertex of the
mesh. Here we address the question of the selection of the optimal constants for the
estimator based on the exact solution of the equilibrated element-residual problem
(4.9). This is an upper estimator, as shown in (4.10). By optimal constants for
this estimator we mean the ones which minimize the upper-bound for the error in
(4.10b). In the numerical examples we determined the optimal constants in the
interior of locally-periodic meshes. We now give an example of how these constants
are determined.

Let us consider a periodic-mesh which is constructed by the periodic repetition
of the Criss-Cross pattern shown in Fig. 4d. In this pattern we distinguish two
types of vertices, namely, vertex X; (which is connected to four elements) and
vertex X, (which is connected to eight elements). Let Cx , Cx, denote the free-
constants associated with the linear edge-corrections (e.g. eq. (4.18)) for vertex X,
X, respectively. The edge-corrections for this mesh-pattern can be written as

8(Cx,+Cx,) = 6°(0,0) + Cx, (6°(1,0) — 6(0,0)) + Cx, (6°(0,1) - 6<(0,0)) (4.27)

Here we let 8¢ = §(Cy,,Cx,) to denote the dependence of the edge-oorrectxons on
the free-constants. By superposition we also have

é‘r(cxl ’ CX;) = éf(o’ 0) + cX; (é‘r(l’ 0) - éf(oi 0)) + ch (éf(o, 1) - éf(o7 0)) (4'28)

The error estimator in the periodic mesh-cell w} is given by

= \J 2 e (Cx, Cx, I, (4.29)

i=1
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The values of the constants which minimize £ b are obtained by solving the system:
cx X FX 1
= (4.300)
Cx, Fy,

) 4
KX1X1 = be.'(éf.'(lio) - é‘r.'(o’o)’ é,.'.(l,O) - é‘r.(o)o))

=1

I‘X,X, KX]X:

KX,X: KX:X:

where

4
KX,X, = Zb‘r.'(é‘r.'(l’o) - éf.'(oio)’ éf.‘(o’ 1) - é‘rg(o’ 0))

=1

N

Kyox, = 32 b,(8(0,1) = £,,(0,0),4,.(0,1) — &,(0,0))

=1

(4.300)

Fx, = = 3_b,(¢,(1,0) - &,(0,0),&,,(0,0))

=1

Fr, = =3 b,(8,(0,1) ~ £,,(0,0),,,(0,0))

=1 P

By employing these constants we get the optimal estimator based on exact
solutions of the equilibrated element residual problems.

4.5 Another method of constructing the equilibrated resid-
uals

In [20], [24] and [44] a method for constructing 0-th order equilibrated residuals
was given. This method, which obtains the equilibrated residuals by splitting the
jumps linearly on each edge, is outlined below for edges in the interior of the mesh:

The aim is to find functions g, € Pl(e), ¢ € E,,, such that for every 7 in the
interior of the mesh T},

bl )= [ £+ F [ 3aln]) +alw], ) n,

«Cor

(4.31)
+ Y | ueJ,

Car e
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Here p¢ is defined by using the convention B = - = K
We let

pe = phAS 4 ptag (4.32)
Then eq. (4.31) can be written as

> (E BN )=—f,(l) (4.33)

€Cor n Ei-u i=17¢

Eq. (4.33) will be satisfied if for each vertex X we obtain the values of p (<) by
solving the linear system:

“g,{‘.v(e,’,‘) /({ ¢XJ¢{ - "ei‘.nﬂci(-n)/d‘.‘ ¢XJ¢{_, = _}'1-,:"(¢X), k=1,...,Nyx
(4.35)

Here we employ the same notation as in Section 4.2. Ny denotes the number of
elements connected to vertex X and we define ¢f := €} . By letting

jid Xm) .- u w(c,’,‘)jx ¢XJ¢{,‘ (4.36)
k

we see that the ji-unknowns satisfy the same linear system as the f-unknowns in
Section 4.18. For the details related to the computation of the y-unknowns see
[44].

The Oth-order equilibrated residuals are given by

FEO):= F0)+ ¥ [ md (4.37)
¢C8fn Bint )

5 Assessment of the quality of the element resid-
ual estimator

In this Section we analyze the quality of the element residual estimators,
given in the previous Section, for the periodic mesh-patterns shown in Figs. 4a-d.
According to Theorem 3, we can compute the asymptotic value of the effectivity
index for a mesh-cell in the interior of a periodic mesh-patch from the master-cell,
namely

I}_.'? "(S(zo1 H,),u, f) = x(¢,w, LQ) (5.1)

where Q is the (p+ 1)-degree Taylor-series expansion of the exact solution u about
2° and H, = Ch?, 0< oo <1 (see Section 3 and [1]). Hence, for a given Q, the
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effectivity index of the estimator can be obtained using the solution of the periodic
boundary-value problem (3.7) over the master-cell é&. Given a class of solutions
U, let Q denote the class of all Taylor-series expansions of functions from U (Q is
a finite-dimensional space of monomials). For a given mesh-pattern and class of
solutions U, we can determine the asymptotic quality of an estimator by computing
the asymptotic bounds for the effectivity index

Cy = max x(¢, 0, LQ), CL= max x(é,w, LQ) (5.2)

The values of C;, Cy can be computed using numerical optimization. In the numer-
ical study below we considered only “harmonic” solutions (by “harmonic” solution
we mean solution of the homogeneous differential equation or system; when the
solution satisfies Laplace’s equation it is truly harmonic).

Below we analyzed the robustness of the following element-residual (ER) esti-
mators:

1. Unegquilibrated ER (Est. ER-B) (Eqgs. (4.1)-(4.5));

2. ER with g-order equilibration and (p+1)-degree bubble-space (Est. ER¢B)
(Eqgs. (4.23)-(4.24))

8. ER with q-order equilibration and (p+k)-degree polynomial-space (Est.
ERgPp+k) (Eqs. (4.25)-(4.26))

4. ER with Oth-order equilibration and (p + k)-degree polynomial space (Est.
EROPp + k) (Eqs. (4.25)-(4.26) where FEQ° from eq. (4.37) is employed
instead of 9 in (4.25)).

The quality of the estimators will be assessed by studying the range of the
effectivity-index as a function of the aspect-ratio and the material-orthotropy for
the four mesh-patterns of Fig. 4. Based on previous numerical studies [1, 2] we can
conjecture that if an estimator is robust with respect to variations of the aspect-
ratio and material-orthotropy for these patterns it is also robust for the cases which
are encountered in practical computations.

We now present the numerical results.

5.1 Unequilibrated element residual: Sensitivity to the
variation of the aspect-ratio

For the estimator ER-B we computed the range of the effectivity index, for

the four mesh-patterns and elements of degree p (2 < p < 6), for the aspect-ratios

11111

I'278 16 The results are given in Table 1a-1d. We observe that:

(1) For the Regular pattern the estimator is practically exact for all degrees p.
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(2) For the Chevron and the Union-Jack pattern ER-B is an upper estimator
and its robustness deteriorates with the aspect-ratio. The worst robustness

is obtained for p = 2 and aspect-ratio 16-, for both the Chevron and the
Union-Jack patterns, with robustness index R = 5.61.

(3) For the Criss-Cross pattern ER-B is a lower estimator for aspect-ratio other

1
than T The worst robustness for this pattern is obtained for p = 2 and

aspect-ratio 16 with robustness index R = 3.47.

5.2 The element residual estimator with g-order equili-
bration and (p+1)-degree bubble-space: Sensitivity
to the variation of the aspect-ratio

In Tables 2a-2d (resp. 3a-3d) we report the range of the estimator ER1B
(resp. ERpB), for the mesh-patterns and elements of degree p, as a function of the
aspect-ratio. In Tables 4a-4c we report the same results for the estimator ERp-1B
for the Chevron, Union-Jack and Criss-Cross patterns, and in Tables 5a-5b we give
results for the estimator ERp-2B for the Union-Jack and Criss-Cross patterns. We
observe the following:

(1) Equilibration of order (p — 1) dramatically improves the robustness of the
estimators which employ the (p + 1)-degree bubble-space. For the Regular,
Chevron and Union-Jack patterns the robustness-index is less than 0.25. For
the Criss-Cross pattern the robustness index is less than 0.70.

(2) Comparing Tables 3 and 4 we see that the estimators ERpB and ER(p-1)B
give identical results. This can be explained by observing that the p-order
corrections along the edges are orthogonal (in the L?-inner-product) to the
edge-restrictions of the (p + 1)-degree bubble functions.

(3) Similarly, the edge-corrections of degree ¢ < (p — 2) are orthogonal to the
edge-restrictions of the (p+ 1)-degree bubble-funtions. Hence the robustness
of the estimators ER¢B with ¢ < p — 2, for elements of degree p>3,is
exactly the same with the robustness of ER-B.

5.3 The element residual estimator ERgPp+1: Sensitiv-
ity to the variation of the aspect-ratio

We studied the sensitivity of the range of the effectivity index for the estimator

ERgqPp+1 with respect to variations of the aspect-ratio. In Tables 6a-6d we report

the range of the effectivity index for the estimators ERpPp+1 for the four mesh-
patterns. In Table 7 we give the results for the estimator ERp-1Pp+1 for the
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Union-Jack and the Criss-Cross pattern and quartic elements (p = 4). From the
results we observe that:

(1) The estimator ERpPp+1 shows reasonable robustness for all the four mesh-
patterns. In the results given in Tables 6a-6d the robustness-index for the
estimator does not exceed the value 1.50.

(2) The estimator ERgPp+1 with ¢ < p is not robust. For example the estimator
ERp-1Pp+1 for quartic elements in the Criss-Cross pattern has robustness
index greater than 14. Greater values of the robustness-index would be ob-
tairned if equilibrations of lower-order (i.e. ¢ < p — 1) are employed.

5.4 The element residual estimators ERgB and ER¢Pp+1:
Sensitivity to the material-orthotropy

As discussed in {1} and (2], the main-factor which affects the quality of error
estimators is the geometry of the mesh. The geometry has to be understood in
terms of the values of the coefficients of the differential operator. (For example, let
us consider the problem of heat-conduction in a highly orthotropic medium with
the principal directions of the material oblique to the mesh. Then, the geometry
of the mesh which affects the quality of the estimators can be determined by
transforming the geometrical variables so that Laplace operator is obtained in the
transformed coordinates (see also (1] for further details).)

To study the robustness of the estimators for orthotropic heat-conduction we
considered the class of materials with principal values of orthotropy 1 < K,,;, <
K., < 1000 and orientation @ of one of the principal axes of orthotropy with the
fixed coordinate direction; (§ will be called the grid-material orientation). Here
we varied 8, between 0° and 90°, at increments of 5° and for each grid-material
orientation we determined the principal values of orthotropy and the “harmonic”
polynomials which correspond to the extrema of the effectivity index. It should be
noted that @ corresponds either to the first or the second principal axis depending
on the outcome of the optimization. In Table 8 we give the results for cubic
elements and all the four mesh-patterns. In Table 8a (resp. Table 8b) we give the
sensitivity of the estimator ER1B (resp. ER¢B) while in Table 8¢ (resp. Table 8d)
we give the sensitivity of the esiimator ER1Pp+1 (resp. ERpPp+1). We observe
the following:

(1) The estimator ERpB is the most robust one; for the cases shown in Table 8b
the robustness index is less than one.

(2) The estimators ER1Pp+1 and ERpPp+1 are not robust. The robustness
index for ER1Pp+1 in Table 8c exceeds 33. By employing p-order order
equilibration the robustness is improved somewhat but the value of the ro-
bustness index still exceeds 20.
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5.5 The estimator ERpPp+oco: The robustness of the op-
timal version of the estimator

Often in practical applications a conservative estimate of the error is preferred.
This has motivated the use of estimators based on the complementary energy-
principle. Such estimators can be employed to construct a global upper-bound
of the error in the entire mesh or an upper-bound of the error in the periodic
mesh-cell. Here we will examine the robustness of the optimal version of the
element-residual estimator based on the complementary energy-principle, namely
the estimator ERpPp+oo with the optimal equilibration described in Section 4.4.
We considered the problem of orthotropic heat-conduction given in Section 5.4 and
computed the upper-bound of the estimator ERpPp+2 for the equilibration on the
recipe given in [38-39] and the recipe which employs the optimal constants given in
Section 4.4. In Table 9 we give the results for the Regular and Criss-Cross pattern
with cubic elements. We did not report the lower-bound for the effectivity index
which is equal to one in both cases. We computed the estimator by employing only
two degrees higher than the order of the element (except in some cases) because we
observed that the value of the estimator did not change, for all practical purposes,
with a further increase of the order of the local approximation. We observe that:

(1) The robustness of the estimator based on the recipe given in [38-39] is prac-

tically the same with the robustness of the estimator based on the optimal
constants.

(2) In both cases the robustness is rather poor and the robustness-index exceeds
20.

5.6 The robustness of the estimator EROPp+-k: Sensitiv-
ity to the variation of the aspect-ratio

Here we studied the robustness of the estimator EROPp+3 for the Laplace
equation by computing the sensitivity of the estimator to the variation of the
aspect-ratio for the Criss-Cross pattern and cubic elements (p = 3). In Table 10
we report the range of the effectivity index. We observe that:

(1) This is an upper estimator.

(2) This estimator EROPp+3 is not robust. For aspect-ratio % the robustness
index exceeds 17.
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5.7 The robustness of the estimators ERgB, ERqgPp + k
for the isotropic elasticity problem: Sensitivity to the
variation of the aspect-ratio

Here we studied the robustness of the estimators ER1B, ERpB, ER1Pp+3,
ERpPp+3 for the elasticity problem by computing their sensitivity to the variation
of the aspect-ratio. In Tables 11a-11d (resp. Tables 12a-12d) we give the values of
CL, Cy for the estimator ER1B (resp. ERpB), for p = 2, 3, 4. In Table 13a (resp.
Table 13b) we give the values of C;, Cy; for ER1Pp+3 (resp. ERpPp+3) for p = 3.
All the results given here were obtained for Poisson’s ratio equal to 0.3; (from the
results given in [1-2] we expect a small variation of the robustness with the value
of Poisson’s ratio). We observe that:

(1) We can draw the same conclusions about the estimators as in the case of
isotropic heat-conduction.

(2) The estimator ERpB is the most robust and its robustness-index does not
exceed 1.

(3) The error estimaw.r ERpPp+3 (which is practically the estimator based on
the complementary energy-principle) shows poor robustness and its robustness-
index exceeds 40.

(4) The error estimator ER1Pp+3 in the case of the Criss-Cross pattern with
aspect-ratio 16 has a robustness-index exceeding 680.

5.8 The estimator ERpPp + oo for the elasticity problem:

The robustness of the optimal version of the estimator

As in Section 5.5 we studied the robustness of the optimal version of the

estimator ERpPp+oo for the elasticity problem. Here we studied the robustness

with respect to variations of the aspect-ratio. In Table 14 we give the values of C;,

Cy for the cptimal version estimator ERpPp+3 (which is practically the same as
ERpPp+o0) for the four mesh-patterns and cubic elements. We observe that:

(1) By comparing the results of Tables 14 and 13b we see that the optimal version
of the estimator is substantially more robust than the version based on the
recipe given in [38-39)].

(2) The robustness of the optimal version of the estimator ERpPp+o0 is poor.
The robustness-index for this estimator for the Criss-Cross pattern with as-

1
pect ratio 16 exceeds 20.
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5.9 The estimators ER-B, ER1B, ERpB for meshes of
square-elements with local refinements: Sensitivity to
the material-orthotropy for the three element types

We also studied the robustness of the estimators ER-B, ER1B and ERpB for
meshes of square-elements with local refinements. Here we are interested in the
robustness of the estimators for the three element-types, namely the tensor-product
(eq. (2.11)), Serendipity (eq. (2.12)) and intermediate (eq. (2.13)) elements.

We now briefly describe the construction of the edgewise polynomial corrections
for meshes of square elements with refinements. Let us consider the mesh-patch
associated with vertex X as shown in Fig. 5. The element 7¥ (i = 1, 2,.. ., 6) and
the edges ¢ (j = 1, 2,..., 8) are also shown in Fig. 5. Here an edge is defined
as the intersection of the boundary of two elements therefore a side of a square
element may consist of two edges.

We first define the linear corrections of the form

0° = (6°'9¢ + 0%%5), /e P, = & ij=1,2

Here A; are the linear shape functions corresponding to the two end nodes of the
edge. If the edge ¢ does not have any irregular end-points then 9§ = ¥, where 9§
is given in eq. (4.15). If one of the end-points of the edge is an irregular node, as
shown in Fig. 5b, we have:

e 1 _ 1,2, 17
1 - a 9 — (= -
) S |€1|(4Al 8A2)’ '/)2 I€1|( 3Al + 3A2)

for the edge €, which has its right-end-point at the irregular node (see Fig. 5b);

- 1,7 2 - 1
P2 = — (=0 —2),), P2 = —(—8)\ +4A
1 |€2|(3 1 3 2) 2 |€2|( 1 2)
for the edge €, which has its left-end-point at the irregular node (see Fig. 5b).
Here A, A, are the linear shape-functions corresponding to the end-points of the
segment &, |J&,, as shown in Fig. 5b. Following the similar steps given in Section
4.2, we get the following system of equations:
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¢ 0¢1xv”(¢1x) \

[—1 1 1 0 0 0 0 0] 0‘{"‘(9“) '-ff,"(¢X)’
0 -1 0 1 0 0 -1 1 0‘3‘-"(‘5“) _]:'f?x(¢x)
0 0 -1 0 0 0 1 0 O M) "frg‘(‘ﬁx)
4 ¢ = A 3
0 0 0 0 1 0 0 -1 oD -Fx(gy)
0 0 0 -1 -1 1 0 of]eH) —Fox(¢x)
1 0 0 0 0 -1 0 0] g w(e) { _]:T‘x(¢x) J
\ 0¢‘x'u(¢.x) y
We solve for §4*(+) by minimizing the expansion in (4.20) with w, = I';‘_I
k

We now outline the steps involved to compute higher-order corrections. In order
to determine the higher-order corrections, we define the conjugate basis {¢; } over

each edge as
/'z;i¢¢,j = {

where ¢ ;, ¢ = 3,...,(¢ + 1) denote the basis functions which do not vanish on
edge ¢. We obtain the higher-order corrections 6%/, j = 3,...,(¢+ 1) using

0, if j<i

1, if j=i

-1

06,'. = _ffo‘t(¢¢,l') - E 0"1 / '/_).7 ¢¢'i ’ € g a‘ro“"

=1

Note that the integrals on the right-hand side can be computed explicitly on the
master element é = [—1, 1], therefore the cost of computing the higher order terms
6',i=3,...,(¢+1) is negligible.

We studied the robustness of the estimators for solutions of the equation of
orthotropic heat-conduction, for the general class of solutions, in the mesh-cells
shown in Figs. 6a and 6b. We computed the range of the effectivity index as a

function of the grid-material orientation for orthotropy —22£ = 100. In Tables

15 and 16 we give the results for the three element types, for the mesh-cell at the
mesh-interface (shown in Fig. 6a), for cubic and quartic elements, respectively. In
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Table 17a (resp. Table 17b) we give the results for tensor-product (resp. Serendip-
ity) elements of degree 5, for the mesh-cell at the mesh-interface. In Tables 18a
(resp. Table 18b) we give the results for the periodic mesh-cell with two-levels of
refinements shown in Fig. 6b for tensor-product (resp. Serendipity) elements of
degree 3. We observe the following:

(1) The estimators ER-B and ER1B have practically the same range of effectivity
index for the three element-types. Hence linear equilibration is not effective
for elements of degree p > 3.

(2) The estimator ERpB is very robust; for the cases shown in Tables 15-18, its
robustness-index does not exceed 0.4.

(3) The largest values of the robustness-index (for a given element-degree p) for
all the estimators are observed to be the largest for the serendipity elements.
The robustness of the estimators for the tensor-product and intermediate
element-types is practically the same.

5.10 Analysis of the effect of the order of equilibration on
the value of the effectivity index

In order to analyze further the effect of higher-order equilibration on the value
of the effectivity index we noted that

4 4
. & [Hé,, — enlll?: ;1 b (€, — enren)
K (c(zov h)’ Up,y f) =1+ = 4 + 2 = 4 (53)
2 el £ Mlealr

and computed the value of the second- and the third-term on the right-hand side
of (5.3) for ER1B, ERpB, ER1Pp+3, ERpPp+3. In Table 19 we give the values

for the Criss-Cross pattern with aspect-ratio —. We solved Laplace’s equation with

quartic elements to approximate the harmonic monomials @,(z,,z,;) = Re((z, +
1z,)%), Qa(z,,z,;) = Im((z, + iz,)%). We observe the following

(1) The robust versions of the estimators are obtained because the higher-order
equilibration causes cancellation between the second and the third-term in the

ezpansion (5.3).
s 2
T INes, — ealllzq4
(2) The term [‘=1 y ] is the value of the relative error in the error-
3 leall,

=
indicator functions in the mesh-pattern. Note that even with p-order equili-

bration this relative error is more than 100% for all the cases listed in Table
19.
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5.11 The equilibrated patch-residual error estimator: Ro-
bustness of the various versions of the estimator

In order to construct residual estimator which are more robust than the

element-residual estimator described and analyzed above. Let us assume that we

are interested to estimate the error in the mesh-cell T(z° k). Then we consider
the following patch-residual problem over the mesh-cell T'(°, 2h):

Find é € SI**(T(x°,2h)) such that

Y b(6v)= Y FEMU) Ve SPN(T(2%2h)) (5.4)
7€T(29,2h)

Here S,f"’k(T(a:o, 2h)) denotes the elementwise (p+ k)-degree polynomial space over
the mesh-cell T'(x% 2h) . The error estimator in the mesh-cell T'(2?, &) is given by:

Exeon = \/ > el (5.5)

€T(z%,h)

As an example we considered T(z%h) to be the mesh-cell for the Criss-Cross
pattern shown in Fig. 4d. We solved the problem of orthotropic heat-conduction
(with 1 £ K,;n < K. < 1000 as described above) with cubic elements. We
computed the error-indicator function (5.4) by letting £ = 1 and by employing
linear and p-order equilibration. From the results, which are are given in Table 20,
we observe the following:

(1) The patch-residual estimators are much more robust than the corresponding
versions of the element-residual estimators. For example when p-order equi-
libration is employed the robustness-index for ERpPp+1 for cubic elements
in the Criss-Cross pattern is greater than 10 while the robustness-index for
the corresponding patch-residual estimator does not exceed 0.5.

(2) The patch-residual estimator with p-order equilibration is more robust than
the corresponding estimator with linear equilibration. For example in Table
20 the robustness-index of the patch-residual estimator with linear equilibra-
tion is greater than 2.

6 Conclusions

We presented a model study of the element-residual estimators in the interior of
patchwise uniform meshes. The results of this study are indicative of the expected
performance of these estimators in the interior of general grids. From the results
presented the following conclusions can be drawn:
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(1) Higher-order equilibration substantially improves the robustness of the element-
residual estimators.

2) The estimator based on the complementary energy-principle is not robust
P gy
(even in its optimal version) with respect to variations of the aspect-ratio or
the material-orthotropy.

(3) The estimator ERpB which employs p-order equilibration and (p+ 1)-degree
bubble-type approximation of the solution of the local problem is the most
robust.

(4) The robustness of the element residual estimators can be further improved
by constructing patch-residual estimators by assembling the element-residual
problems in a patch. By employing p-order equilibration to set the boundary-
conditions for the patch-residual problem we can obtain very robust estimator
even in the cases of extreme material-orthotropy.
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Unequilibrated ER with (p+1)-degree bubble-space

Regular Pattern

Aspect p=2 p=3 p=4 p=>5 p==6
Ratlo cL CU CL CU CL CU C L CU C L CU

1.000 | 1.000 | 0.948 | 1.000 | 0.985 | 0.986 | 0.984 | 0.999 | 0.995 | 0.996

1.000 | 1.000 { 0.972 | 1.000 | 0.994 | 0.995 | 0.986 | 1.000 | 0.992 | 0.999

1.000 | 1.000 | 0.992 | 1.000 | 0.999 | 0.999 { 0.995 | 1.000 | 0.998 | 1.000

1.000 | 1.000 | 0.998 | 1.000 | 1.000 | 1.000 | 0.999 | 1.000 { 1.000 | 1.000

Sl i B = e

1.000 | 1.000 | 1.000 | 1.000 | 1.000 { 1.000 | 1.000 | 1.000 | 1.000 | 1.000

Table 1a. Unequilibrated ER with (p + 1)-degree bubble-space: Laplace’s equa-
tion. Range of the effectivity index as a function of the aspect-ratio for the Regular
pattern.
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Unequilibrated ER with (p+1)-degree bubble-space

Chevron Pattern

Aspect p=2 p=3 p=4 p=29 p=6

Ratio T2, 1¢ 1 G | G 1 C | C 1C |G [ G
% 1.000 § 1.049 | 0.948 { 1.017 | 0.986 | 0.995 { 0.984 | 1.003 | 0.995 { 0.997
-;- 1.000 | 1.281 1 0.972 } 1.160 | 0.994 | 1.112 | 0.986 | 1.080 | 0.992 | 1.059
% 1.000 { 1.922 | 0.992 | 1.568 | 0.999 | 1.414 | 0.995 | 1.316 | 0.998 | 1.259
% 1.000 | 3.423 | 0.998 | 2.551 | 1.000 | 2.116 | 0.999 | 1.854 | 1.000 | 1.692
'1'16 1.000 | 6.612 | 1.000 | 4.746 | 1.000 | 3.755 | 1.000 | 3.143 | 1.000 | 2.737

Table 1b. Unequilibrated ER with (p + 1)-degree bubble-space: Laplace’s equa-
tion. Range of the effectivity index as a function of the aspect-ratio for the Chevron

pattern.
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Unequilibrated ER with (p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=2 p=3 p=4 p=35 p=6
Ratio =T "T7¢ TG | C [ G [ C | G | G | Co
% 1.049 | 1.049 | 0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 | 0.997 | 0.997
% 1.003 | 1.281 | 0.972 | 1.160 | 0.994 | 1.112 | 0.986 | 1.080 | 0.992 | 1.059
i 1.001 | 1.922 | 0.992 | 1.568 | 0.999 | 1.414 | 0.995 | 1.316 | 0.998 | 1.259
% 1.000 | 3.423 | 0.998 | 2.551 | 1.000 | 2.116 | 0.999 | 1.854 | 1.000 | 1.692
118 1.000 | 6.612 | 1.000 | 4.746 | 1.000 | 3.755 | 1.000 | 3.143 | 1.000 | 2.737

Table 1c. Unequilibrated ER with (p 4+ 1)-degree bubble-space: Laplace’s equa-
tion. Range of the effectivity index as a function of the aspect-ratio for the Union-
Jack pattern.
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Unequilibrated ER with (p+1)-degree bubble-space

Criss-Cross Pattern

Aspect p=2 p=3 p=4 p=>5 p="6

Ratio Mo T, 16 [ G 1 G [ G G [ Gl

1.049 [ 1.049 | 0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 | 0.997 | 0.997

0.891 { 0.959 { 0.894 { 0.930 | 0.897 | 0.944 { 0.899 } 0.950 | 0.938 | 0.9u

0.570 } 0.906 | 0.702 } 0.841 ) 0.692 ) 0.848 | 0.707 | 0.869 | 0.757 | 0.894

0.339 | 0.894 | 0.512 | 0.816 | 0.469 | 0.812 | 0.549 | 0.829 | 0.536 | 0.855

‘;;l.— 0O W DIk e

J.230 { 0.891 { 40 | 0.810 | 0.323 | 0.803 | 0.493 | 0.818 | 0.377 | 0.841

N -

|

Table 1d. Unequilibrated ER with (p + 1)-degree bubble-space: Laplace’s equa-
tion. Range of the effectivity index as a function of the aspect-ratio for the Criss-
Cross pattern.
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ER with linear equilibration and (p+1)-degree bubble-space

Regular Pattern

Aspect p=2 p=3 p=4 p=295 p=6

Ratio =T T1¢ TG | C [ G | C | C | C | C

|

2
(=}
g

0.948 | 1.000 | 0.985 { 0.985 | 0.984 | 0.999 | 0.996 | 0.996

1.000 | 1.000 | 0.972 | 1.000 | 0.994 | 0.995 | 0.986 | 1.000 | 0.992 | 0.999

1.000 | 1.000 | 0.992 | 1.000 | 0.999 { 0.999 | 0.995 | 1.000 | 0.998 | 1.000

1.000 | 1.000 | 0.998 | 1.000 | 1.000 | 1.000 | 0.999 { 1.000 | 1.000 | 1.000

S|~ ®i= = -

1.000 | 1.000 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

Table 2a. ER with linear equilibration and (p+ 1)-degree bubble-space: Laplace’s
equation Range of the effectivity index as a function of the aspect-ratio for the
Regular pattern.
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ER with linear equilibration and (p+1)-degree bubble-space

Chevron Pattern

Aspect | P=2 p=3 p=4 p=5 p=6
Ratio =T 1T¢ 1 G 1 G 1 C 1 ¢ |G | C | Cy
% 1.000 | 1.008 | 0.948 | 1.017 | 0.986 | 0.995 | 0.984 | 1.003 | 0.995 | 0.997
% 1.000 | 1.009 | 0.972 | 1.160 | 0.994 | 1.112 | 0.986 | 1.080 | 0.992 | 1.059
% 1.000 | 1.004 | 0.992 | 1.568 | 0.999 | 1.414 | 0.995 | 1.316 | 0.998 | 1.259
% 1.000 | 1.001 | 0.998 | 2.551 | 1.000 | 2.116 | 0.999 | 1.854 | 1.000 | 1.692
11—6 1.000 | 1.000 | 1.000 | 4.746 | 1.000 | 3.755 | 1.000 | 3.143 | 1.000 | 2.737

Table 2b. ER with linear equilibration and (p+ 1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the
Chevron pattern.
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ER with linear equilibration and (p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=2 p=3 p=4 p=35 p=6

Ratio =T, 1C [ G | C 1 G [ C [ C [ C [ Co

1.000 | 1.000 | 0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 | 0.997 | 0.997

1.000 | 1.000 | 0.972 | 1.160 | 0.994 | 1.112 | 0.986 | 1.080 | 0.992 | 1.059

1.000 | 1.000 | 0.992 | 1.568 { 0.999 | 1.414 | 0.995 | 1.316 | 0.998 | 1.259

1.000 | 1.000 | 0.998 | 2.551 | 1.000 | 2.116 | 0.999 | 1.854 | 1.000 | 1.692

1.000 | 1.000 | 1.000 | 4.746 | 1.000 | 3.755 | 1.000 | 3.143 | 1.000 | 2.737

S= Wi Al o= =

Table 2c. ER with linear equilibration and (p+ 1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the
Union-Jack pattern.
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ER with linear equilibrationn and (p+1)-degree bubble-space

Criss-Cross Pattern

Aspect p=2 p=3 p=4 p=395 p=6

Ratio M T &0 16 [ G 1 G 1 G 1 616G G G

1.000 | 1.000 | 0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 | 0.997 | 0.997

0.922 | 0.977 | 0.894 | 0.930 | 0.897 | 0.944 | 0.899 | 0.950 | 0.938 | 0.958

0.796 | 0.985 | 0.702 | 0.841 | 0.692 | 0.848 | 0.707 | 0.869 | 0.757 | 0.894

0.733 | 0.995 | 0.512 | 0.816 | 0.469 | 0.812 | 0.549 | 0.829 | 0.536 | 0.855

0.714 | 0.999 | 0.406 | 0.810 | 0.323 | 0.803 | 0.493 | 0.818 | 0.377 | 0.841

'5,;'»- T L S TR e

Table 2d. ER with linear equilibration and (p+ 1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the
Criss-Cross pattern.
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ER with p-order equilibration and (p+1)-degree bubble-space

Regular Pattern

Aspect | P=2 p=3 p=4 p=5 p=6
Ratio T, 1¢, TG | G 1 G 1 C. TG | C TGy
% 1.000 | 1.000 | 0.948 | 1.000 | 0.985 | 0.985 | 0.984 | 0.999 | 0.996 | 0.996
5 | 1.000 | 1.000 | 0.972 | 1.000 | 0.994 | 0.995 | 0.986 | 1.000 | 0.992 | 0.999
% 1.000 | 1.000 | 0.992 | 1.000 | 0.999 | 0.999 | 0.995 | 1.000 | 0.998 | 1.000
-;- 1.000 | 1.000 | 0.998 | 1.000 | 1.000 | 1.000 | 0.999 | 1.000 | 1.000 | 1.000
% 1.000 | 1.000 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

Table 3a. ER with p-order equilibration and (p+1)-degree bubble-space: Laplace’s
equation Range of the effectivity index as a function of the aspect-ratio for the Reg-
ular pattern. :




ER with p-order equilibration and (p+1)-degree bubble-space

Chevron Pattern

Aspect p=2 p=3 p=4 p=>5 p=6

Ratio ' TG | G [ G [ G [ G 1CG 161G 1%

1.000 | 1.008 | 0.948 | 1.000 | 0.986 | 1.109 | 0.984 | 0.998 | 0.995 | 1.027

1.000 | 1.009 | 0.972 | 1.000 | 0.994 | 1.208 | 0.986 | 1.000 | 0.992 | 1.269

1.000 | 1.004 | 0.992 | 1.000 | 0.999 | 1.093 | 0.995 | 1.000 { 0.998 | 1.241

1.000 | 1.001 | 0.998 | 1.000 | 1.000 | 1.025 | 0.999 | 1.000 | 1.000 | 1.071

S= o= ai= NI e

1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.006 | 1.000 | 1.000 { 1.000 | 1.017

Table 3b. ER with p-order equilibration and (p+1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the
Chevron pattern.
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ER with p-order equilibration and (p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=2 p=3 p=4 p=5 p=6

Reto G TG [ G [ & [ G [ G [ G [ G | GG
% 1.000 | 1.000 | 0.948 | 1.319 | 0.986 | 0.986 | 0.984 | 0.999 | 0.995 | 0.995
% 1.000 | 1.000 | 0.972 | 1.179 | 0.994 | 0.995 | 0.986 | 1.385 | 0.992 | 0.999
% 1.000 | 1.000 | 0.992 | 1.048 | 0.999 | 0.999 | 0.995 | 1.196 | 0.998 | 1.000
% 1.000 | 1.000 | 0.998 | 1.011 | 1.000 | 1.000 { 0.999 | 1.049 | 1.000 | 1.000
% 1.000 | 1.000 | 1.000 { 1.003 | 1.000 | 1.000 | 1.000 | 1.011 | 1.000 | 1.000

Table 3c. ER with p-order equilibration and (p+1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the

Union-Jack pattern.
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ER with p-order equilibration and (p+1)-degree bubble-space

Criss-Cross Pattern

Aspect p=2 p=3 p=14 p=5 p=6

Ratio Mo TG [ G [ G [ G 1 G [ G 16 [ GG

1.000 | 1.000 | 0.948 | 1.319 | 0.986 | 0.986 | 0.984 | 0.999 | 0.995 | 0.995
0.922 | 0.977 | 0.902 | 1.132 | 0.937 | 0.941 | 0.916 | 1.157 | 0.961 | 0.964
0.796 | 0.985 | 0.801 | 0.903 | 0.825 | 0.843 | 0.757 | 1.000 | 0.835 | 0.897

0.733 1 0.995 | 0.741 | 0.822 | 0.748 | 0.811 | 0.667 | 0.878 | 0.711 | 0.855

alr-l I S )

0.714 } 0.999 | 0.717 { 0.806 | 0.719 | 0.805 | 0.682 | 0.842 | 0.694 | 0.841

Table 3d. ER with p-order equilibration and (p+1)-degree bubble-space: Laplace’s
equation. Range of the effectivity index as a function of the aspect-ratio for the
Criss-Cross pattern.
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ER with (p—1)-order equilibration and (p+1)-degree bubble-space
Chevron Pattern

Aspect p=2 p=3 p=4 P=95 p=6

Ratio T, T1¢ TG 1 G 1G 1 ¢ 16 |GG
% 1.000 | 1.008 | 0.948 | 1.000 | 0.986 | 1.109 | 0.984 | 0.998 | 0.995 | 1.027
% 1.000 | 1.009 | 0.972 | 1.000 | 0.994 | 1.208 | 0.986 | 1.000 | 0.992 | 1.269
i— 1.000 | 1.004 | 0.992 | 1.000 | 0.999 | 1.093 | 0.995 | 1.000 | 0.998 | 1.241
% 1.000 | 1.001 | 0.998 | 1.000 | 1.000 | 1.025 | 0.999 | 1.000 | 1.000 | 1.071
11—6 1.000 | 1.000 | 1.000 { 1.000 | 1.000 | 1.006 | 1.000 | 1.000 { 1.000 | 1.017

Table 4a. ER with (p — 1)-order equilibration and (p + 1)-degree bubble-space: -

Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio

for the Chevron pattern.
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ER with (p—1)-order equilibration and (p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=2 p=3 p=4 p=5 p=6
Ratio T, 1[G [ G 1 C 1 C [ G TG | C |G
% 1.000 | 1.000 | 0.948 | 1.319 | 0.986 | 0.986 | 0.984 | 0.999 | 0.995 | 0.995
-21- 1.000 | 1.000 | 0.972 | 1.179 [9.994 | 0.995 | 0.986 | 1.385 | 0.992 | 0.999
i- 1.000 | 1.000 | 0.992 | 1.048 | 0.999 | 0.999 | 0.995 | 1.196 | 0.998 | 1.000
% 1.000 | 1.000 | 0.998 | 1.011 | 1.000 | 1.000 | 0.999 | 1.049 | 1.000 | 1.000
% 1.000 | 1.000 | 1.00¢ | 1.003 | 1.000 | 1.000 | 1.000 { 1.011 | 1.000 | 1.000

Table 4b. ER with (p — 1)-order equilibration and (p + 1)-degree bubble-space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio

for the Union-Jack pattern.
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ER with (p—1)-order equilibration and (p+1)-degree bubble-space
Criss-Cross Pattern

Aspect p=2 p=3 p=4 p=35 p=6

Ratio T T1T¢ G | G G |GG |GG
-i- 1.000 | 1.000 | 0.948 | 1.319 | 0.986 | 0.986 | 0.984 | 0.999 | 0.995 | 0.995
% 0.922 | 0.977 { 0.902 | 1.132 | 0.937 | 0.941 | 0.916 | 1.157 | 0.961 | 0.964
% 0.796 | 0.985 | 0.801 | 0.903 | 0.825 | 0.843 | 0.757 | 1.000 | 0.835 | 0.897
% 0.733 | 0.995 | 0.741 | 0.822 | 0.748 | 0.811 | 0.667 | 0.878 | 0.711 | 0.855
-1% 0.714 | 0.999 | 0.717 | 0.806 | 0.719 | 0.805 | 0.682 | 0.842 | 0.694 | 0.841

Table 4c. ER with (p — 1)-order equilibration and (p + 1)-degree bubble-space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio
for the Criss-Cross pattern.
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ER with (p—2)-order equilibration
and (p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=3 p=4 p=>5 p=6
Retio I TG [ G [ G [ G [ G [ G |G

0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 ; 0.997 | 0.997

0.972 | 1.160 | 0.994 } 1.112 | 0.986 | 1.080 | 0.992 | 1.059

0.992 | 1.568 | 0.999 | 1.414 | 0.995 | 1.316 { 0.998 | 1.259

0.998 | 2.551 | 1.000 | 2.116 | 0.999 | 1.854 | 1.000 | 1.692

1.000 | 4.746 | 1.000 | 3.755 | 1.000 | 3.143 | 1.000 | 2.737

S|= ooi= i NI =

Table 5a. ER with (p — 2)-order equilibration and (p + 1)-degree bubble-space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio
for the Union-Jack pattern.
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ER with (p—2)-order equilibration
and (p+1)-degree bubble-space

Criss-Cross Pattern

Aspect p=3 p=4 p=>5 p=6
Ratie 'e, TG [ G [ G [ C [ Co | G [ Co
% 0.948 | 1.033 | 0.995 | 0.995 | 0.984 | 1.007 | 0.997 | 0.997
% 0.894 | 0.930 | 0.897 | 0.944 | 0.899 | 0.950 | 0.938 | 0.958
i— 0.702 | 0.841 | 0.692 | 0.848 | 0.707 | 0.869 | 0.757 | 0.894
% 0.512 | 0.816 | 0.469 | 0.812 | 0.549 | 0.829 | 0.536 | 0.855
-1% 0.406 | 0.810 | 0.323 | 0.803 | 0.493 | 0.818 | 0.377 | 0.841

Table 5b. ER with (p — 2)-order equilibrat’on and (p + 1)-degree bubble-space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio
for the Criss-Cross pattern.
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ER with p-order equilibration and
(p+1)-degree polynomial space

Regular Pattern

Aspect p=2 p=3 p=14 p=5 p=6
Ratio =T 1[G 1 G 1 G 1[G [ G [ G 16 G
% 1.281 | 1.541 | 1.000 | 1.412 | 1.047 | 1.269 | 1.047 | 1.155 | 1.012 | 1.123
% 1.339 | 1.487 { 1.089 [ 1.408 | 1.045 | 1.373 | 1.003 | 1.325 | 1.005 | 1.269
% 1.339 | 1.508 | 1.265 | 1.398 | 1.192 | 1.392 | 1.124 | 1.385 | 1.086 | 1.378
% 1.306 | 1.558 | 1.319 | 1.463 | 1.325 | 1.398 | 1.282 | 1.379 | 1.236 | 1.382
11—6 1.295 | 1.575 | 1.323 | 1.509 | 1.342 [ 1.461 | 1.351 | 1.419 | 1.350 | 1.389

Table 6a. ER with p-order equilibration and (p + 1)-degree polynomial space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio

for the Regular pattern.
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ER with p-order equilibration and
(p+1)-degree polynomial space

Chevron Pattern

Aspect p=2 p=3 p=4 p=5 p=6

Ratio Mo T¢ [ G [ G 1 G 1 G 1 G 1G 161G

1.409 { 1.417 | 1.000 | 1.412 | 1.163 | 1.246 | 1.047 | 1.155 | 1.069 | 1.092
1.407 [ 1.419 | 1.179 | 1.334 | 1.091 | 1.417 | 1.008 | 1.321 | 1.011 | 1.419
1.342 | 1.508 | 1.299 | 1.365 | 1.291 | 1.342 | 1.243 | 1.279 | 1.196 | 1.402

1.306 | 1.559 | 1.321 | 1.462 |{ 1.338 | 1.405 | 1.337 | 1.325 | 1.333 | 1.334

gln- Ol Wn|= D=

1.295 | 1.575 | 1.323 } 1.509 | 1.342 | 1.468 | 1.352 | 1.418 | 1.360 | 1.396

Table 6b. ER with p-order equilibration and (p + 1)-degree polynomial space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio
for the Chevron pattern.




ER with p-order equilibration and
(p+1)-degree polynomial space

Union-Jack Pattern

Aspect p=2 p=3 p=4 p=3 p=26
Rteo r T GG GGG lG GG
%— 1.417 | 1.417 | 1.000 | 1.547 | 1.163 | 1.163 | 1.047 | 1.155 | 1.069 | 1.069
-;— 1.407 | 1.423 1 1.179 | 1.405 | 1.091 | 1.337 | 1.008 | 1.545 | 1.011 | 1.264
% 1.342 | 1.507 { 1.299 | 1.391 [ 1.291 | 1.301 [ 1.243 | 1.382 | 1.196 | 1.284
% 1.306 | 1.558 | 1.321 | 1.472 | 1.338 | 1.385 | 1.337 | 1.359 | 1.287 | 1.334
11—6 1.295 [ 1.575 [ 1.323 [ 1.512 | 1.342 | 1.461 | 1.352 | 1.429 | 1.359 | 1.379

Table 6c. ER with p-order equilibration and (p + 1)-degree polynomial space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio

for the Union-Jack pattern.
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ER with p-order equilibration and
(p+1)-degree polynomial space

Criss-Cross Pattern

Aspect p=2 p=3 p=14 p=5 p=6
Ratio C, c, C, Cy C, Cv | Cp Cy C, Cy
- 1.417 | 1.417 | 1.000 | 1.547 | 1.163 | 1.163 | 1.047 | 1.155 | 1.069 | 1.069
% 1.271 | 1.724 | 1.401 | 1.451 | 1.256 | 1.338 | 1.169 | 1.369 | 1.175 | 1.182
% 1.235 | 1.958 | 1.242 | 1.881 | 1.166 | 1.839 | 1.253 | 1.556 | 1.138 | 1.569
% 1.227 | 2.047 | 1.186 | 2.158 | 1.129 | 2.200 | 1.160 | 1.977 | 1.099 | 2.014
Ilt—s 1.225 | 2.073 | 1.173 | 2.265 | 1.121 | 2.352 | 1.133 | 2.299 | 1.085 | 2.342

Table 6d. ER with p-order equilibration and (p + 1)-degree polynomial space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio

for the Criss-Cross pattern.
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ER with (p—1)-order equilibration and
(p+1)-degree polynomial space
Quartic elements
Aspect Union-Jack Criss-Cross
% 1126 | 1.126 | 1.126 | 1.126
% 1.121 | 1.223 | 1.256 1.759
i— 1.165 | 1.399 | 1.566 | 3.496
% 1.241 | 1.483 | 1.785 | 7.132
% 1.308 | 1.497 { 1.868 | 14.376

Table 7. ER with (p— 1)-order equilibration and (p+ 1)-degree polynomial space:
Laplace’s equation. Range of the effectivity index as a function of the aspect-ratio
for the Union-Jack and the Criss-Cross pattern.
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ER with linear equilibration and
(p+1)-degree bubble-space
Cubic elements
Regular Chevron | Union-Jack | Criss-Cross
Grid-material Pattern Pattern Pattern Pattern
orientation 0 C, o C, s C, C o o

0 948 | 1.000 | .948 | 9.194 | .948 | 9.194 | .368 | 1.033
5 945 | 1.000 | .948 | 3.136 | .948 | 2.863 | .457 | 1.033
10 935 { 1.000 | .949 | 1.607 | .948 | 1.234 | .609 | 1.033
15 920 | 1.000 | .948 | 1.059 | .855 | 1.052 | .701 | 1.033
20 903 | 1.000 | .702 | 1.032 | .780 | 1.034 | .736 | 1.033
25 .891 | 1.000 | .619 | 1.024 | .736 | 1.033 | .780 | 1.034
30 .886 | 1.000 | .564 { 1.020 | .701 | 1.033 | .855 | 1.052
35 .883 | 1.000 | .526 | 1.018 | .609 | 1.033 | .948 | 1.234
40 .881 | 1.000 | .561 | 1.017 | .457 | 1.033 | .948 | 2.863
45 .881 11.000 | .641 | 1.017 | .368 | 1.033 | .948 | 9.194
50 881 | 1.000 | .725 | 1.017 | .457 | 1.033 | .948 | 2.863
55 .883 | 1.000 | .526 | 1.018 | .609 | 1.033 | .948 | 1.234
60 .886 | 1.000 | .567 | 1.020 | .701 | 1.033 | .855 | 1.052
65 .882 1 1.000 | .619 | 1.024 | .736 | 1.033 | .780 | 1.034
70 .891 | 1.000 | .702 | 1.032 | .780 | 1.034 | .736 | 1.033
75 .908 | 1.000 | .948 |.1.059 | .855 | 1.052 | .701 | 1.033
80 935 | 1.000 | .948 | 1.607 | .948 | 1.234 | .609 | 1.033
85 945 | 1.000 | .948 | 3.136 | .948 | 2.863 | .457 | 1.033
90 948 | 1.000 | .948 | 9.194 | .948 | 9.194 | .368 | 1.033

Table 8a. ER with linear equilibration and (p + 1)-degree bubble-space: Or-
thotropic heat-conduction (1. £ K,,;, < K,.. < 1000.), “harmonic” solutions,
cubic elements. Range of the effectivity-index for the four patterns as a function
of the grid-material orientation.




ER with p-order equilibration and
(p+1)-degree bubble-space

Cubic elements

orientation 0

Regular
Grid-material Pattern

Chevron
Pattern

Cp

Cu

L | Qo

Union-Jack
Pattern

Criss-Cross
Pattern

C

Cy

L

z'1U

948
945
935
920
.903
891
.886
.883
881
881
.881
.883
.886
.882
.891
.908
935
945
948

ERBIAZRBLELEEERBaswe

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

948
948
.836
707
.642
592
547
517
.562
.627
T4
807
547
592
.642
707
836
948
948

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

948
948
879
814
.764
729
11
716
23

710

123
716
711
729

.764

814
879
955
948

1.319
1.319
1.319
1.319
1.319
1.319
1319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319

710
123
.716
11
129
.764
814
.879
955
948
955
879
814
.764
729
711
.716
723
710

1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319
1.319

Table 8b. ER with p-order equilibration and (p + 1)-degree bubble-space: Or-
thotropic heat-conduction (1. < K,,;, < K,.. < 1000.), “harmonic” solutions,
cubic elements. Range of the effectivity-index for the four patterns as a function

of the grid-material orientation.
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ER with linear equilibration and

(p+1)-degree polynomial space

Cubic elements

Regular Chevron Union-Jack Criss-Cross
Grid-material Pattern Pattern Pattern Pattern
orientation @ 71. o o o o o . s

0 1.000 | 1.527 | 1.000 | 22.087 | 1.000 | 22.140 | 1.000 | 34.699
5 1.000 | 5.361 | 1.000 | 21.025 { 1.000 | 19.379 | 1.000 | 33.102
10 1.000 | 10.894 | 1.000 | 18.335 | 1.000 | 12.595 | 1.000 | 28.936
15 1.000 | 14.925 | 1.000 | 15.324 { 1.000 | 11.675 | 1.000 | 23.462
20 1.000 | 17.750 | 1.000 | 16.763 | 1.000 | 14.684 | 1.000 | 18.337
25 1.000 | 19.568 | 1.000 | 19.546 | 1.000 | 18.337 | 1.000 | 14.684
30 1.000 | 20.775 { 1.000 | 21.827 | 1.000 | 23.462 | 1.000 | 11.675
35 1.000 | 21.631 | 1.000 | 24.216 | 1.000 | 28.936 | 1.000 | 12.595
40 1.000 | 22.180 | 1.000 | 27.936 | 1.000 | 33.102 | 1.000 | 19.379
45 1.000 | 22.373 | 1.000 | 30.648 | 1.000 | 34.699 | 1.000 | 22.140
50 1.000 | 22.180 | 1.000 | 27.935 | 1.000 | 33.102 | 1.000 | 19.379
55 1.000 | 21.631 | 1.000 | 24.216 | 1.000 | 28.936 | 1.000 | 12.595
60 1.000 | 20.775 | 1.000 | 21.827 | 1.000 | 23.462 | 1.000 | 11.675
65 1.000 | 19.568 | 1.000 | 19.545 | 1.000 | 18.337 | 1.000 | 14.684
70 1.000 | 17.750 | 1.000 | 16.762 | 1.000 | 14.684 | 1.000 | 18.337
75 1.000 | 14.925 | 1.000 | 15.319 | 1.000 | 11.675 | 1.000 | 23.462
80 1.000 { 10.894 | 1.000 | 18.335 | 1.000 | 12.595 | 1.000 | 28.936
85 1.000 | 5.896 | 1.000 { 21.025 | 1.000 | 19.379 | 1.000 | 33.102
90 1.000 | 1.528 | 1.000 | 22.087 | 1.000 | 22.140 | 1.000 | 34.699

Table 8c. ER with linear equilibration and (p + 1)-degree polynomial space:
Orthotropic heat-conduction (1. < K, ;, < K,,.. < 1000.), “harmonic” solutions,
cubic elements. Range of the effectivity-index for the four patterns as a function
of the grid-material orientation.




ER with p-order equilibration and
(p+1)-degree polynomial space

Cubic elements

Regular Chevron Union-Jack Criss-Cross
Grid-material Pattern Pattern Pattern Pattern

orientation 8 71. o o —cu weL cu— cL éu

1.000 | 1.522 | 1.000 | 1.523 | 1.000 | 1.547 | 1.000 | 2.295
1.000 | 5.832 | 1.000 | 5.640 | 1.000 | 5.369 | 1.000 | 6.617
1.000 | 10.578 | 1.000 | 10.260 | 1.000 { 8.311 | 1.000 | 10.268
1.000 | 14.338 | 1.000 | 14.114 | 1.000 | 9.263 | 1.000 | 11.515
1.000 | 17.104 | 1.000 | 17.037 | 1.000 | 10.026 | 1.000 | 11.141
1.000 | 19.028 | 1.000 | 18.904 | 1.000 | 11.141 | 1.000 | 10.026
1.000 | 20.278 | 1.000 | 19.650 | 1.000 | 11.515 | 1.000 | 9.263
1.000 | 21.017 { 1.000 | 19.264 | 1.000 { 10.268 | 1.000 | 8.311
1.000 | 21.390 | 1.000 | 17.974 | 1.000 | 6.617 | 1.000 | 5.369
1.000 | 21.502 | 1.000 | 16.649 | 1.000 | 2.295 | 1.000 | 1.547
. 1.000 | 17.974 | 1.000 | 6.617 | 1.000 | 5.369
1.000 | 21.017 | 1.000 | 19.264 | 1.000 | 10.268 | 1.000 | 8.311
1.000 | 20.278 | 1.000 | 19.650 | 1.000 | 11.515 | 1.000 | 9.263
1.000 | 19.028 | 1.000 | 18.904 | 1.000 | 11.141 | 1.000 | 10.026
1.000 | 17.104 | 1.000 | 17.037 | 1.000 | 10.026 | 1.000 | 11.141
1.000 | 14.338 | 1.000 | 14.114 | 1.000 | 9.263 | 1.000 { 11.515
1.000 | 10.578 | 1.000 | 10.260 | 1.000 | 8.311 | 1.000 | 10.268
1.000 | 5.832 | 1.000 | 5.663 | 1.000 | 5.369 | 1.000 | 6.617
1.000 | 1.523 | 1.000 | 1.412 | 1.000 | 1.547 | 1.000 | 2.295

CRBIIRBTEEEREREESwo
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Table 8d. ER with p-order equilibration and (p + 1)-degree polynomial space:
Orthotropic heat-conduction (1. < K,;, < K., < 1000.), “harmonic” solutions,
cubic elements. Range of the effectivity-index for the four patterns as a function
of the grid-material orientation.

61




ER with p-order equilibration and
(p+2)-degree polynomial-space

Cubic elements

Estimator based on Estimator based on
Grid-material the optimal constant Ladeveze’s recipe
orientation 6 Regular Criss-Cross Regular Criss-Cross
Pattern Pattern Pattern Pattern
Cy  Cy [ Cy
0 1.522 (1.424) 2.296 1.489 (1.514) 2.296
5 5.295 6.606 5.851 6.694
10 8.487 10.370 10.821 10.390
15 14.354 11.535 15.149 11.583
20 17.130 11.661 18.607 11.793
25 19.065 11.701 21.183 11.991
30 20.326 10.361 22.725 10.865
35 21.075 8.313 23.259 8.731
40 21.454 5.315 22.803 5.393
45 21.568 1.523 21.567 1.701
50 21.454 5.315 22.803 5.393
55 21.075 8.313 23.260 8.731
60 20.326 10.361 22.725 10.865
65 19.065 11.700 21.183 11.989
70 17.130 11.661 18.641 11.793
75 14.354 11.535 15.149 11.583
80 10.585 10.370 10.822 10.390
85 5.833 6.606 -5.851 6.694
90 1.517 (1.424) | 2296 | 1.480 (1.514) |  2.296

62

Table 9. ER with p-order equilibration and (p+2)-degree polynomial equilibration
and p-order polynomial-space: Orthotropic heat-conduction (1. < K,,;, < K,.,. <
1000.), “harmonic” solutions, cubic elements. Range of the effectivity-index for the
Regular and the Criss-Cross pattern as a function of the grid-material orientation.
The terms in the parentheses were computed using (p + 3)-polynomial space.




ER with 0-order equilibration and
(p+3)-degree polynomial space
Criss-Cross pattern
Cubic elements

Aspect

Ratio Ce Cu
1
i 1.000 4.583
1
3 1.338 2.773
1
n 1.685 4.636
1
= 1.931 8.744
8
1 2.030 17.207
16 ~ )

Table 10. ER with 0-order equilibration and (p + 3)-degree polynomial space:
Laplaces equation, Criss-Cross pattern, cubic elements. Range of the effectivity
index as a function of the aspect-ration for the Criss-Cross pattern.
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ER with linear equilibration and
(p+1)-degree bubble-space

Regular Pattern

Aspect p=2 p=3 p=4
Ratio ——
CL Gw | C Cy CL | Gy

1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

1.000 | 1.000 | 1.000 |{ 1.000 | 1.000 | 1.000

1.000 | 1.000 | 1.000 { 1.000 | 1.000 | 1.000

1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000

S~ o= i o= =

Table 11a. ER with linear equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solution. Range of the effectivity index as a function
of the aspect-ratio for the Regular pattern.




ER with linear equilibration and
(p+1)-degree bubble-space

Chevron Pattern

Aspect p=2 p=3 p=4
Ratio o T 1 G [ G [ C [ G

0.915 | 1.011 | 0.997 | 1.201 | 0.989 | 1.249

0.905 | 1.032 | 0.982 | 1.882 | 0.993 | 1.658

0.951 | 1.018 | 1.000 | 3.668 | 1.000 | 2.333

0.985 | 1.006 { 1.000 | 7.667 | 1.00C | 4.820

Sl= o= = I =

0.996 | 1.002 | 1.000 | 15.649 | 1.000 | 10.602

Table 11b. ER with linear equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solution. Range of the effectivity index as a function
of the aspect-ratio for the Chevron pattern.
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ER with linear equilibration and
(p+1)-degree bubble-space

Union-Jack Pattern

Aspect p=2 p=3 p=4

Ratio —EL fu CL Cu C, Cy
% 0.929 | 0.992 | 1.019 | 1.451 | 0.980 | 1.063
% 0.948 | 0.997 | 0.998 | 1.879 | 0.997 | 1.441
% 0.978 [ 0.999 | 0.999 | 3.239 | 1.000 { 2.514
% 0.994 | 1.000 | 1.000 | 7.148 | 1.000 | 5.280
—1! A 0.998 | 1.000 { 1.000 | 15.308 | 1.000 | 10.991

Table 11c. ER with linear equilibration and (p+1)-degree bubble-space: Elasticity
problem, “harmonic” solutions. Range of the effectivity index as a function of the
aspect-ratio for the Union-Jack pattern.
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ER with linear equilibration and
(p+1)-degree bubble-space
Criss-Cross Pattern
Aspect p=2 p=3 p=4
Ratio C. 1 C |G G |G TG
—;- 0.945 | 0.992 | 1.034 | 1.451 | 0.985 | 1.063
% 0.806 | 0.999 | 0.884 | 1.352 | 0.925 | 1.011
% 0.737 | 0.996 | 0.739 | 1.013 | 0.811 | 0.994
% 0.715 { 0.999 | 0.674 | 0.854 | 0.720 | 0.914
liﬁ 0.709 | 1.000 | 0.653 | 0.819 | 0.687 | 0.859

Table 11d. ER with linear equilibration and (p 4 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solutions. Range of the effectivity index as a function
of the aspect-ratio for the Criss-Cross pattern.
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ER with p-order equilibration and
(p+1)-degree bubble-space
Regular Pattern
Aspect p=2 p=3 p=4
Ratio C, Co C, Cy C,. Cy
% 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
% 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
: 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
-;- 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000
-1% 1.000 | 1.000 { 1.000 | 1.000 | 1.000 | 1.000

Table 12a. ER with p-order equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solution. Range of the effectivity index as a function
of the aspect-ratio for the Regular pattern.
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ER with p-order equilibration
(p+1)-degree bubble-space
Chevron Pattern
Aspect p=2 p=3 p=4
Ratio C C C C, C. | C
L U L U L U
: 0.915 | 1.011 | 0.999 | 1.066 | 0.990 | 1.129
% 0.905 | 1.032 | 0.886 | 1.031 | 0.946 | 1.253
% 0.951 | 1.018 | 0.919 | 1.002 | 0.925 | 1.188
% 0.985 | 1.006 | 0.970 | 1.000 | 0.955 | 1.053
i% 0.996 | 1.002 | 0.992 | 1.000 | 0.984 | 1.013

Table 12b. ER with p-order equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solution. Range of the effectivity index as a function
of the aspect-ratio for the Chevron pattern.
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ER with p-order equilibration and
(p+1)-degree bubble-space
Union-Jack Pattern
Aspect p=2 p=3 p=4
Ratio C. 1 G [ G TG | C TG
% 0.929 | 0.992 | 0.984 | 1.268 | 0.945 | 1.077
% 0.948 | 0.997 | 0.901 | 1.299 | 0.910 | 1.047
% 0.978 | 0.999 | 0.928 | 1.127 | 0.914 | 1.004
-;— 0.994 | 1.000 | 0.969 | 1.029 | 0.957 | 1.000
-1% 0.998 | 1.000 | 0.990 | 1.007 | 0.986 | 1.000

Table 12c. ER with p-order equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solutions. Range of the effectivity index as a function

of the aspect-ratio for the Union-Jack pattern.
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ER with p-order equilibration and
(p+1)-degree bubble-space
Criss-Cross Pattern
Aspect p=2 p=3 p=4
Ratio CL Co —CL Cy f? Cy
% 0.945 | 0.992 | 0.984 | 1.268 | 0.945 | 1.079
> 0.806 | 0.999 | 0.880 | 1.272 | 0.846 | 1.180
% 0.737 1 0.996 | 0.811 | 1.076 | 0.808 | 1.115
5 0.715 | 0.999 | 0.743 | 0.952 | 0.818 | 1.144
TIE 0.709 | 1.000 | 0.717 | 0.817 | 0.749 | 0.984

Table 12d. ER with p-order equilibration and (p + 1)-degree bubble-space: Elas-
ticity problem, “harmonic” solutions. Range of the effectivity index as a functlon
of the aspect-ratio for the Criss-Cross pattern.

71




ER with linear equilibration and
(p+3)-degree polynomial space
Cubic element
Aspect Regular Chevron Union-Jack Criss-Cross
spec Pattern Pattern Pattern Pattern
Ratio .
CL Cy [ Cuy CL Cu CL Cu
-i— 1.061 | 2.803 | 1.231 | 3.661 |1.411| 4.373 |1.423 | 4.373
%— 1.089 | 4.217 | 1.529 | 8.211 |1.274 | 8.383 | 1.339 | 10.059
% 1.022 | 8.201 | 2.129 | 28.229 | 2.291 | 24.943 | 1.206 | 39.633
% 1.005 | 16.171 | 2.909 | 115.549 | 2.875 | 107.956 | 1.155 | 166.903
TIE 1.001 | 32.162 | 3.034 | 471.452 | 3.039 | 461.886 | 1.156 | 681.244

Table 13a. ER with linear equilibration and (p + 3)-degree polynomial space:

Elasticity problem, “harmonic” solutions, cubic elements. Range of the effectivity

index for the four patterns as a function of the aspect-ratio.
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ER with p-order equilibration and full (p+438) space
Cubic element
Aspect, Regular Chevron Union-Jack Criss-Cross
spec Pattern Pattern Pattern Pattern
Ratio | .
L | G [ G G 6T 6 61 &
% 1.361 | 2.590 | 1.623 | 2.254 | 1.508 | 2.088 | 1.508 | 2.088
-;— 1.177 | 3.695 | 1.351 | 2.419 | 1.283 | 3.362 | 1.375 | 4.168
% 1.023 | 7.034 | 1.246 | 6.165 | 1.123 | 7.039 | 1.564 | 9.703
-;— 1.003 | 13.616 | 1.124 | 13.074 | 1.035 | 13.654 | 2.577 | 20.748
11_6 1.001 | 26.921 | 1.041 | 26.622 | 1.007 | 26.945 | 2.946 | 42.385

Table 13b. ER with p-order equilibration and (p + 3)-degree polynomial space:
Elasticity problem, “harmonic” solutions, cubic elements. Range of the effectivity
index for the four patterns as a function of the aspect-ratio.
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ER with p-order equilibration using the
optimal constants and (p+3)-degree polynomial space
Cubic element

Aspect, Regular Chevron Union-Jack | Criss-Cross
spec Pattern Pattern Pattern Pattern
Ratio

-i— 1.358 | 2.251 | 1.486 | 2.253 | 1.389 | 1.558 | 1.398 | 1.576
1

> 1.134 | 2.544 |1.336 | 1.991 | 1.263 | 1.733 | 1.356 | 3.024
% 1.019 | 4.112 | 1.245 | 3.641 | 1.100 | 3.062 | 1.212 | 6.597
-;- 1.002 | 7.204 [1.124 | 7.017 [1.025 | 5.538 | 1.274 | 13.215
11_6 1.001 | 13.651 | 1.041 | 13.504 | 1.006 | 9.901 | 1.306 | 25.568

Table 14. ER with p-order equilibration uusing the optimal constants and (p+3)-
degree polynomial-space: Elasticity problem, “harmonic” solutions, cubic elements.
Range of the effectivity index for the four patterns as function of the aspect-ratio.
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Mesh-cell at mesh interface
Cubic elements of the Tensor-product family
orientation 0 ——E; TU ?L Tu TL 7&——

-90.0 1.00808 | 1.05823 | 1.00806 | 1.03806 | 1.00806 | 1.00806
-80.0 1.03738 { 1.09775 { 1.03742 | 1.08768 { 1.03743 | 1.03768
-70.0 1.03288 | 1.17191 | 1.01595 | 1.14957 | 1.01614 | 1.14744
-60.0 1.02945 | 1.41395 | 1.02932 | 1.39318 { 1.01734 | 1.19251
-50.0 1.04011 | 2.07578 | 1.04596 | 2.03430 | 1.02194 | 1.23450
-40.0 1.04983 | 2.28256 | 1.05117 | 2.20244 | 1.01196 | 1.30230
-30.0 1.06226 | 1.80877 | 1.06454 | 1.80878 | 1.00804 | 1.20877
-20.0 1.08601 | 1.54419 | 1.08606 | 1.47620 | 1.00710 | 1.17612
-10.0 1.15133 | 1.42458 | 1.15147 | 1.35448 | 1.00097 | 1.11417
0.0 1.19723 | 1.37793 | 1.21104 { 1.31723 | 1.00836 | 1.06134
10.0 1.15135 | 1.42163 | 1.15135 | 1.35173 | 1.00080 | 1.11417
20.0 1.08594 | 1.54437 | 1.08593 | 1.47639 | 1.00710 | 1.17612
30.0 1.06237 | 1.80872 | 1.06261 | 1.80872 | 1.00653 | 1.20890
40.0 1.05074 | 2.28297 | 1.05233 | 2.20165 | 1.01228 | 1.30170
50.0 1.04019 | 2.07578 | 1.04367 | 2.03429 | 1.02198 | 1.23450
60.0 1.03276 | 1.41442 | 1.03195 | 1.39379 | 1.01719 | 1.18998
70.0 1.03241 | 1.16788 | 1.01624 | 1.14720 | 1.01020 | 1.14679
80.0 1.03747 | 1.09750 | 1.03750 | 1.08777 | 1.03751 | 1.03778
90.0 1.00808 | 1.05848 | 1.00806 | 1.03806 | 1.00806 | 1.00806

Table 15a. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, cubic
elements (p = 3)of the tensor-product family. Range of the effectivity index as a

function of the grid-material orientation for f{"'“ = 100.

min
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Mesh-cell at mesh interface
Cubic elements of the Serendipity family
Grid-material ER- B ERIB ER3B
orientation 6 C, G, . Cy C, Cy

-90.0 .45030 | 1.81325 | .65034 | 1.01030 | 1.00299 | 1.00299
-80.0 57480 11.93323 | .77476 | 1.03129 | 1.00000 | 1.02013
-70.0 .63578 | 2.37235 | .93547 | 1.17736 | 1.00002 | 1.08318
-60.0 84709 | 2.79243 | 1.04713 | 1.49640 | 1.00075 | 1.12035
-50.0 95734 | 3.15292 | 1.05772 { 1.75192 | 1.00990 | 1.17681
-40.0 1.08648 | 4.21326 | 1.08641 | 2.44247 | 1.07883 | 1.23234
-30.0 99596 | 3.68377 | 1.09593 | 1.88771 | 1.06093 | 1.18993
-20.0 .82493 | 3.30364 | 1.12495 | 1.50364 | 1.04825 | 1.13941
-10.0 .75818 | 2.99357 | 1.15817 | 1.29552 | 1.03379 | 1.09494
0.0 61412 | 2.37870 | 1.16011 | 1.16010 { 1.01940 | 1.07940
10.0 75819 | 2.99359 | 1.15884 | 1.29552 | 1.03383 | 1.09547
20.0 .82490 | 3.30366 | 1.12836 | 1.50356 | 1.04824 | 1.13976
30.0 .99596 | 3.68374 | 1.09554 | 1.88784 | 1.06069 | 1.18003
40.0 1.08642 | 4.21328 | 1.08606 | 2.44232 | 1.07817 | 1.23169
50.0 95734 | 3.15297 | 1.05583 | 1.75235 | 1.01004 | 1.17724
60.0 .84708 | 2.79237 | 1.04716 | 1.49614 | 1.00209 | 1.12100
70.0 63576 | 2.37229 | .93583 | 1.17737 | 1.00014 | 1.08280
80.0 57482 | 1.93340 | .77521 | 1.03128 | 1.00025 | 1.02012
90.0 45031 | 1.81333 | .65032 | 1.01031 | 1.00299 | 1.00299

Table 15b. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, cubic
elements (p = 3)of the serendipity family. Range of the effectivity index as a

7 = 100.

msn

function of the grid-material orientation for
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Mesh-cell at mesh interface
Cubic elements of the Intermediate family
Crid-material ER-B ER1B ER3B
orientation 6 ¢, Co C, Co C, Cy

-90.0 1.00646 | 1.19619 | 1.00619 | 1.13627 | 1.00804 | 1.09803
-80.0 1.02773 | 1.22792 | 1.02773 | 1.18722 | 1.03747 | 1.11723
-70.0 1.03000 | 1.32004 | 1.02117 | 1.24701 | 1.01612 | 1.16716
-60.0 1.02358 | 1.42660 | 1.00758 | 1.31664 | 1.01735 | 1.21258
-50.0 1.03656 | 1.73228 | 1.01656 | 1.60241 | 1.02194 | 1.25450
-40.0 1.05695 | 2.50016 | 1.02641 | 2.26031 | 1.01190 | 1.33234
-30.0 1.07807 | 1.98485 | 1.04833 | 1.83414 | 1.00809 | 1.30871
-20.0 1.09611 | 1.86558 | 1.07451 | 1.66352 | 1.00711 | 1.25612
-10.0 1.13179 | 1.70922 | 1.11121 | 1.52940 | 1.00096 | 1.21419
0.0 1.27109 | 1.57109 | 1.18316 | 1.42842 | 1.00835 | 1.18134
10.0 1.13197 | 1.70673 | 1.11121 | 1.52346 | 1.00082 | 1.21415
20.0 1.09617 | 1.86507 | 1.07544 | 1.66489 | 1.00713 | 1.25611
30.0 1.07941 | 1.98440 | 1.04836 | 1.83343 { 1.00653 | 1.30897
40.0 1.05705 | 2.49968 | 1.02727 | 2.25884 | 1.01224 | 1.33172
50.0 1.03744 | 1.73254 | 1.01697 | 1.60207 | 1.02193 | 1.25453
60.0 1.02205 | 1.42647 | 1.00199 | 1.31722 | 1.01717 | 1.21999
70.0 1.01294 | 1.31744 | 1.01334 | 1.24693 | 1.01023 | 1.16672
80.0 1.02779 { 1.22801 | 1.02829 | 1.18717 | 1.03755 | 1.11770
90.0 1.00624 | 1.19631 | 1.00672 | 1.13344 | 1.00807 | 1.09806

Table 15c. The estimators ER—-B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, cubic
elements (p = 3) of the intermediate family. Range of the effectivity index as a

function of the grid-material orientation for IA{,"'” = 100.

min
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Mesh-cell at mesh interface
Quartic elements of the Tensor-product family
Grid-material ER-B ER1B ERAB
orientation @ L Cy C, Cy C, Cy

-90.0 1.01512 | 1.01520 | 1.00505 | 1.01561 | 1.00194 | 1.00891
-80.0 1.01811 | 1.07782 | 1.00856 | 1.04707 | 1.00743 | 1.03572
-70.0 1.02510 | 1.23828 } 1.00536 | 1.17824 | 1.01021 | 1.09113
-60.0 1.03977 | 1.70711 | 1.00977 | 1.40742 | 1.01727 | 1.11901
-50.0 1.05275 | 2.71473 | 1.00214 | 1.81469 | 1.02195 | 1.14497
-40.0 1.06121 | 2.93948 | 1.00105 | 2.23961 | 1.03193 | 1.22426
-30.0 1.06493 | 2.37050 | 1.00433 | 2.07077 | 1.01281 | 1.15825
-20.0 1.07503 | 1.85533 | 1.00522 | 1.79591 | 1.00793 | 1.13654
-10.0 1.10495 | 1.54454 | 1.00476 | 1.47406 | 1.00095 | 1.11423
0.0 1.22068 | 1.48029 | 1.00056 | 1.31031 | 1.00882 | 1.09182
10.0 1.10770 | 1.54488 | 1.00747 | 1.47463 | 1.00086 | 1.11418
20.0 1.07510 | 1.85575 | 1.00584 | 1.79518 | 1.00717 | 1.13611
30.0 1.06494 | 2.36943 | 1.00422 | 2.07032 | 1.01253 | 1.15893
40.0 1.06008 | 2.93890 | 1.00051 | 2.23889 | 1.03195 | 1.22394
50.0 1.05225 | 2.71435 | 1.00283 | 1.81441 | 1.02194 | 1.14456
60.0 1.03954 | 1.70695 | 1.00994 | 1.40694 | 1.01789 | 1.11897
70.0 1.02531 | 1.23811 | 1.00506 | 1.17816 | 1.01020 | 1.09678
80.0 1.01567 | 1.07786 | 1.00521 | 1.04788 | 1.00753 | 1.03562
90.0 1.01512 | 1.01692 | 1.00503 | 1.01634 | 1.00194 | 1.00893

Table 16a. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, quartic
elements (p = 4) of the tensor-product family. Range of the effectivity index as a

function of the grid-material orientation for =22 = 100.
min
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Mesh-cell at mesh interface
Quartic elements of the Serendipity family
Grid-material ER- B ER1B ERAB
orientation 8 “-—Crb [ EL cu C, C,

-90.0 41231 | 1.82975 | .52232 | 1.92924 | 1.00087 | 1.00094
-80.0 .50482 | 1.93265 | .61485 | 2.13246 | 1.00192 | 1.00973
-70.0 54283 | 2.40713 | .74286 | 2.64717 | 1.00946 | 1.02536
-60.0 61126 | 2.91525 | .81123 | 2.91521 | 1.01560 | 1.16481
-50.0 67252 | 3.39188 | .91251 | 3.39122 | 1.03621 | 1.19702
-40.0 .73732 | 4.47956 | .94730 | 4.14954 | 1.04669 | 1.24909
-30.0 .66297 | 3.96152 | .86293 | 3.76155 | 1.03985 | 1.17035
-20.0 60244 | 3.41097 | .83246 | 3.31040 | 1.03274 | 1.14661
-10.0 .61420 | 2.92150 | .81427 | 2.72127 | 1.03081 | 1.12464
0.0 54512 | 2.63115 | .80510 | 2.41464 | 1.02692 | 1.11610
10.0 61420 | 2.92150 | .81429 | 2.72153 | 1.03081 | 1.12701
20.0 60244 | 3.41097 | .83243 | 3.31091 | 1.03824 | 1.14505
30.0 66297 | 3.96152 | .86291 | 3.76159 | 1.04053 | 1.16866
40.0 73732 | 4.47956 | .94734 | 4.14920 | 1.04631 | 1.24937
50.0 67252 | 3.39188 | .91253 | 3.39183 | 1.03662 | 1.19744
60.0 .61126 | 2.91525 | .81129 | 2.91521 | 1.01532 | 1.16461
70.0 54283 | 2.40713 | .74280 | 2.64415 | 1.00893 | 1.02687
80.0 .50482 | 1.93265 | .61489 | 2.13266 | 1.00183 | 1.00952
90.0 41231 | 1.82975 | .52233 | 1.92429 | 1.00084 | 1.00094

Table 16b. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, quartic
elements (p = 4) of the serendipity family. Range of the effectivity index as a

function of the grid-material orientation for K mas = 100.

K
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Mesh-cell at mesh interface
Quartic elements of the Intermediate family
Grid-material ER-B ER1B ER4B
orientation 6 C, Gy C, Cy C, Cy

-90.0 1.0170 |{ 1.1956 | 1.0154 | 1.1456 | 1.0019 { 1.0089
-80.0 1.0145 | 1.4270 | 1.0148 | 1.2170 | 1.0074 | 1.0357
-70.0 1.0293 | 1.6582 | 1.0315 | 1.4582 | 1.0102 | 1.0911
-60.0 1.0377 | 2.2074 | 1.0429 | 1.9074 | 1.0172 | 1.1490
-50.0 1.0571 | 3.1146 | 1.0516 | 2.4146 | 1.0219 | 1.1949
-40.0 1.0660 | 3.4396 | 1.0680 | 3.0396 | 1.0319 | 1.2842
-30.0 1.0633 | 2.9647 | 1.0573 { 2.6647 | 1.0128 | 1.2082
-20.0 1.0752 | 2.2559 | 1.0667 | 2.0559 | 1.0079 | 1.1365
-10.0 1.1097 | 1.9440 | 1.1097 | 1.6440 | 1.0009 | 1.1142
0.0 1.2275 | 1.6803 | 1.1075 | 1.4803 | 1.0088 | 1.0918
10.0 1.1014 | 1.9446 | 1.1106 | 1.6446 | 1.0008 | 1.1141
20.0 1.0758 | 2.2551 | 1.0658 | 2.0551 | 1.0071 | 1.1361
30.0 1.0602 | 2.9693 | 1.0572 | 2.6693 | 1.0125 | 1.2089
40.0 1.0665 | 3.4388 | 1.0679 | 3.0388 | 1.0319 | 1.2839
50.0 1.0508 | 3.1144 | 1.0516 | 2.4144 | 1.0219 { 1.1945
60.0 1.0379 | 2.2069 | 1.0429 | 1.9069 | 1.0178 | 1.1489
70.0 1.0260 | 1.6581 | 1.0314 | 1.4581 | 1.0102 | 1.0967
80.0 1.0142 | 1.4278 | 1.0148 | 1.2178 | 1.0075 | 1.0356
90.0 1.0170 | 1.1960 | 1.0154 | 1.1460 | 1.0019 | 1.0089

Table 16c. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, quartic
elements (p = 4) of the intermediate family. Range of the effectivity index as a

. . . . . K
function of the grid-material orientation for === = 100.

K

min
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Mesh-cell at mesh interface
Quintic elements of the Tensor-product family
Grid-material ER-B ER1B ER5B
orientation 6 L Cy C, Cy C, Cy

-90.0 1.0050 | 1.1056 | 1.0043 | 1.0966 | 1.0014 | 1.0094
-80.0 1.0185 | 1.3770 | 1.0144 | 1.1271 | 1.0064 | 1.0427
-70.0 1.0253 | 1.6682 | 1.0251 | 1.2642 | 1.0126 | 1.0891
-60.0 1.0397 | 1.9074 | 1.0393 | 1.4044 | 1.0172 | 1.1190
-50.0 1.0521 | 2.7446 | 1.0525 | 2.1418 | 1.0246 | 1.1449
-40.0 1.0610 | 3.4386 | 1.0996 | 3.0319 | 1.0289 | 1.2242
-30.0 1.0943 ¢ 2.9707 { 1.0945 | 2.4417 | 1.0128 | 1.1582
-20.0 1.1752 | 2.1559 | 1.0758 | 2.1051 | 1.0079 | 1.1365
-10.9 1.2649 | 1.9440 { 1.0645 | 1.8844 | 1.0009 | 1.1142
0.0 1.3006 | 1.6163 | 1.0903 | 1.5351 | 1.0088 | 1.0987
10.0 1.2677 | 1.9446 | 1.0672 | 1.8844 | 1.0009 | 1.1142
20.0 1.1751 | 2.1551 | 1.0753 | 2.1051 | 1.0078 | 1.1364
30.0 1.0949 | 2.9693 | 1.0940 | 2.4413 | 1.0128 | 1.1583
40.0 1.0600 | 3.4388 | 1.0995 | 3.0319 | 1.0289 | 1.2240
50.0 1.0522 | 2.7444 | 1.0523 | 2.1419 | 1.0246 | 1.1445
60.0 1.0395 | 1.9069 | 1.0398 | 1.4061 | 1.0172 | 1.1189
70.0 1.0253 | 1.6681 | 1.0253 | 1.2641 | 1.0126 | 1.0888
80.0 1.0156 | 1.3778 | 1.0151 | 1.1272 | 1.0065 | 1.0426
90.0 1.0051 | 1.1063 | 1.0043 { 1.0969 | 1.0014 | 1.0094

Table 17a. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, quintic
elements (p = 5) of the tensor-product family. Range of the effectivity index as a

. . . . . K ,
function of the grid-material orientation for ==2% = 10t
min
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Mesh-cell at mesh interface
Quintic elements in the Serendipity family
Grid-material ER-B ER1B ER5B
orientation 6 L Cy C, Cy C, Co

-90.0 4012 | 4.9156 | 1.0210 | 1.4116 | 1.0001 { 1.0001
-80.0 4052 | 5.3132 | 1.0007 | 1.4136 | 1.0011 | 1.0018
-70.0 .5026 | 5.8283 | 1.0066 | 1.6283 | 1.0093 | 1.0255
-60.0 .5256 | 6.2858 | 1.0256 | 1.9848 | 1.0256 | 1.1845
-50.0 6663 | 7.4978 | 1.0663 | 2.3978 | 1.0666 | 1.2276
-40.0 .7261 | 8.2192 | 1.1261 | 3.2192 | 1.0265 | 1.3196
-30.0 .6893 | 7.7718 | 1.1893 | 2.7718 | 1.0892 | 1.2713
-20.0 6325 | 6.3169 | 1.2373 | 2.3169 | 1.0388 | 1.1966
-10.0 .5620 | 5.8680 | 1.2620 | 1.8680 | 1.0601 | 1.1662
0.0 .5669 | 4.9586 | 1.2669 | 1.7586 | 1.0664 | 1.1337
10.0 .5602 | 5.8659 | 1.2602 | 1.8689 | 1.0599 | 1.1672
20.0 .6371 | 6.3171 | 1.2371 | 2.3171 | 1.0387 | 1.1959
30.0 .6900 | 7.7684 | 1.190C | 2.7684 | 1.0909 | 1.2686
40.0 .7262 | 8.2195 | 1.1263 | 3.2194 | 1.0262 | 1.3196
50.0 .6682 | 7.4975 | 1.0681 | 2.3975 | 1.0668 | 1.2275
60.0 .5261 | 6.2847 | 1.0261 | 1.9847 | 1.0258 | 1.1845
70.0 .4065 | 5.8285 | 1.0065 | 1.6283 | 1.0063 | 1.0263
80.0 4057 | 5.3135 | 1.0210 | 1.4135 { 1.0008 | 1.0019
90.0 4012 | 4.9116 | 1.0010 | 1.4115 | 1.0001 { 1.0001

Table 17b. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material-orthotropy for the three element
types. Poisson’s equation, mesh-cell at the mesh-interface shown in Fig. 6a, quintic
elements (p = 5) of the serendipity family. Range of the effectivity index as a

function of the grid-material orientation for =22 = 100.
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Mesh-cell with two levels of refinement
Cubic elements of the Tensor-product family
Grid-material ER-B ER1B ER3B
orientation 0 C, Gy C, ey L [

-90.0 1.0250 | 1.1456 | 1.0151 | 1.0461 | 1.0099 | 1.0191
-80.0 1.0455 | 1.3270 | 1.0173 | 1.2270 { 1.0179 | 1.0412
-70.0 1.0853 | 1.6682 | 1.0252 | 1.4612 | 1.0202 | 1.1011
-60.0 1.1397 | 1.9274 | 1.0393 | 1.8277 | 1.0272 | 1.2190
-50.0 1.1521 | 2.7446 | 1.0525 | 2.6742 | 1.0319 | 1.3449
-40.0 1.1610 | 3.4386 | 1.0616 | 3.0384 | 1.0519 | 1.4242
-30.0 1.0943 | 2.9307 | 1.0441 | 2.7307 | 1.0328 | 1.3589
-20.0 1.0752 | 2.1456 | 1.0357 | 2.1241 { 1.0279 | 1.2365
-10.0 1.0649 | 1.9441 | 1.0261 | 1.7433 | 1.0109 | 1.1742
0.0 1.0406 | 1.7310 | 1.0200 | 1.5710 | 1.0091 | 1.1018
10.0 1.0677 | 1.9446 | 1.0274 | 1.8352 | 1.0112 | 1.1636
20.0 1.0751 | 2.2456 | 1.0352 | 2.1754 | 1.0282 | 1.3361
30.0 1.0949 | 2.9993 | 1.0444 | 2.9293 | 1.0333 | 1.4568
40.0 1.1600 | 3.5388 | 1.0614 | 3.2391 | 1.0529 | 1.5242
50.0 1.1527 | 2.9444 | 1.0528 | 2.8720 | 1.0341 | 1.4445
60.0 1.1415 | 2.1304 | 1.0394 | 1.8277 | 1.0288 | 1.3183
70.0 1.0877 | 1.8681 | 1.0252 | 1.6616 | 1.0213 | 1.2067
80.0 1.0464 | 1.3978 | 1.0171 | 1.4251 | 1.0184 | 1.1416
90.0 1.0251 | 1.1449 | 1.0151 | 1.0463 | 1.0099 | 1.0191

Table 18a. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material orthotropy for the three element
types. Poisson’s equation, periodic mesh-cell with two-levels of refinement shown
in Fig. 6b, cubic elements (p = 3) of the tensor-product family. Range of the

. . . . . . K
effectivity index as a function of the grid-material orientation for === = 100.
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Mesh-cell with two levels of refinement
Cubic elements of the Serendipity family
Grid-material ER-B ER1B ER3B
orientation 8 C, Cy C, Gy . Cy

-90.0 14016 | 5.9158 | .7226 | 4.7418 | 1.0001 | 1.0002
-80.0 4251 | 6.3137 | .8051 | 5.0137 | 1.0012 | 1.0018
-70.0 4824 | 6.8285 | .8524 | 5.5285 | 1.0093 | 1.0172
-60.0 5052 | 7.2857 | .9262 | 6.1051 | 1.0256 | 1.0856
-50.0 .5662 | 7.9975 | .9366 | 6.6975 | 1.0666 | 1.1094
-40.0 .6461 | 8.2198 | .9461 | 7.0198 | 1.0265 | 1.3001
-30.0 6292 | 7.7713 | .9292 | 6.7113 | 1.0892 | 1.2183
-20.0 .6125 | 7.3165 | .9135 | 6.4235 | 1.0382 | 1.1604
-10.0 .5922 1 6.8685 | .8922 | 5.9985 | 1.0601 | 1.1586
0.0 .5565 | 6.5589 | .8565 | 5.4019 | 1.0664 | 1.1402
10.0 .5902 | 6.8655 | .9902 | 5.9955 | 1.0592 | 1.1562
20.0 6125 | 7.3172 | .9135 | 6.4232 | 1.0387 | 1.1959
30.0 6205 | 7.7683 | .9295 | 6.7183 | 1.0909 | 1.1686
40.0 .6462 | 8.2195 | .9462 | 7.1101 | 1.0262 | 1.2196
50.0 .5689 | 7.9972 | .9359 | 6.6642 | 1.0668 | 1.1072
60.0 5062 | 7.6104 | .9062 | 6.0219 | 1.0252 | 1.0845
70.0 .4865 | 6.9421 | .8525 | 5.4120 | 1.0063 | 1.0163
80.0 4252 | 6.2217 | .8052 | 4.8809 | 1.0008 | 1.0019
90.0 4017 | 5.9157 | .7226 | 4.7417 | 1.0001 | 1.0002

Table 18b. The estimators ER—B, ER1B, ERpB for meshes of square-elements
with local refinements: Sensitivity to the material orthotropy for the three element
types. Poisson’s equation, periodic mesh-cell with two-levels of refinement shown
in Fig. 6b, cubic elements (p = 3) of the Serendipity family. Range of the effectivity

index as a function of the grid-material orientation for = 100.
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Analysis of the effect of the order of equilibration
on the value of the effectivity index
Criss-Cross Pattern; Quartic elements
Aspect ratio = %

. 2 4 R
.Z: l”e‘r.‘ - e’l“l‘r.' 2 2 b‘r.'(e‘r.' = €p, eh)
Estimator 1=l y =1 y
£ llealli £ lleull
Solution = Q, + 0Q,
ER1B 3.155727 -3.437173
ERpB 3.133369 -3.422308
ER1Pp+3 14.044716 -4.000000
ERpPp+3 4.587711 -4.000000
Solution = 0Q, + Q,
ERI1B 2.435774 -2.957068
ERpB 2.646988 -2.966098
ER1Pp+3 5.184388 -4.000000
ERpPp+3 7.359869 -4.000000

Table 19. Analysis of the effect of the order of equilibration on the value of the
effectivity index: Lapalce’s equation, quartic elements, Criss-Cross pattern, aspect

ratio = T The square of the effectivity index in the pattern is:

4 4

I”er.- - eh"lz,- 2 E br(er.- — €py eh)
1 + =1

4 4

2 llexlil3, 2 Hlealll3,

=1 =1

k*(c(2% h),uy, f) =14 =

Above we give the values of the second and third term of the above expansion for the
harmonic monomial Q,(z,, z,) = Re((z,+iz,)°) and Q,(z,, z,) = Im((z,+iz,)®).
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Equilibrated patch-residual estimator
Criss-Cross Pattern; Cubic elements
Grid anear | Porder

orientation @ | cQUilibration | equilibration

C. [ G [ G [ G

0 1.000 | 1.596 | 1.000 | 1.022

5 988 13.065 | .998 | 1.471

10 974 | 2.188 | .999 | 1.270

15 967 | 1.608 | 999 | 1.151

20 987 119531 .999 | 1.105

25 2996 11.395| .999 | 1.035

30 997 | 1418 1 1.000 | 1.156

35 983 |1.436 | 1.000 | 1.334

40 989 | 1.428 | 999 | 1.427

45 995 11.077 | 991 | 1.123

50 988 | 1.428 | 999 | 1.427

55 983 | 1.436 | 1.000 | 1.334

60 997 | 1.417 {1 1.000 | 1.156

65 997 113951 999 | 1.035

70 987 | 1.954 | 999 | 1.105

75 968 | 1.608 | .999 | 1.151

80 974 | 2.188 | .997 | 1.270

85 988 |3.066 | .998 | 1.471

90 1.000 | 1.596 | 1.000 | 1.022

Table 20. The equilibrated patch-residual estimator with elementwise (p + 1)-
polynomial space: Orthtropic heat-conduction (1.< K,,;, < K., < 1000.), “har-
monic” solutions, cubic elements, Criss-Cross pattern. Comparison of the range of
the effectivity index as a function of the grid-material orientation for the estimator

based on linear and p-order equilibration.
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List of Figures

Fig. 1. Edge ¢ with its normal n and the elements 7;, connected to it.

Toul * ‘an

Fig. 2. Locally periodic grid: A domain with a periodic mesh-subdomain covered
exactly by a periodic array of h-cells.

Fig. 3. Construction of the equilibrated residuals for meshes of triangles. The
vertex X with the elements 7 and the edges ¢ attached to it. nx are the

positive directions of the edge normals.

Fig. 4. Mesh patterns. The basic mesh-cells of triangular elements. (a) Regular
pattern; (b) Chevron pattern; (c) Union-Jack pattern; (d) Criss-Cross pattern.

Fig. 5. Construction of the equilibrated residuals for meshes of squares with
refinements. (a) The vertex X with elements 7 and the edges ¢ attached to it.
nx are the positive directions of the edge normals. Note that a side of an element

can consist of two edges; (b) The edges ¢, and ¢, on a side of an element and the
two linear shape functions A,, A, associated with this side. The regular nodes are
shown with a solid circle and the irregular nodes are indicated by a circle.

Fig. 6. Mesh patterns. The basic mesh-cells of square elements. (a) Interface
mesh. The shaded region indicates the elements in which the effectivity index was
computed; (b) Mesh-cell with two levels of refinement. The effectivity index is
computed for all the elements in the mesh-cell.
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The Laboratory for Numerical Analysis is an integral part of the Institute for Physical
Science and Technology of the University of Maryland, under the general administration of the
Director, Institute for Physical Science and Technology. It has the following goals:

To conduct research in the mathematical theory and computational implementation of
numerical analysis and related topics, with emphasis on the numerical treatment of
linear and nonlinear differential equations and problems in linear and nonlinear algebra.

To help bridge gaps between computational directions in engineering, physics, etc., and
those in the mathematical community.

To provide a limited consuilting service in all areas of numerical mathematics to the
University as a whole, and also to government agencies and industries in the State of
Maryland and the Washington Metropolitan area.

To assist with the education of numerical analysts, especially at the postdoctoral level,
in conjunction with the Interdisciplinary Applied Mathematics Program and the
programs of the Mathematics and Computer Science Departments. This includes active
collaboration with government agencies such as the National Institute of Standards and
Technology.

To be an international center of study and research for foreign students in numerical
mathematics who are supported by foreign governments or exchange agencies
(Fulbright, etc.).

Further information may be obtained from Professor 1. Babuka, Chairman, Laboratory for
Numerical Analysis, Institute for Physical Science and Technology, University of Maryland, College
Park, Maryland 20742-2431.




